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Introduction

® Double-scaled twisting of planar A" = 4 SYM and ABJM
leads to conformal and integrable, yet non-unitary toy models

® The Feynman diagrams are vastly reduced to regular fishnet
graphs, since many degrees of freedom decouple

°* Many exact computations are possible by integrability in
analogy to spin-chains and lattice models
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Introduction

Double-scaled twisting of planar ' = 4 SYM and ABJM
leads to conformal and integrable, yet non-unitary toy models

The Feynman diagrams are vastly reduced to regular fishnet
graphs, since many degrees of freedom decouple

Many exact computations are possible by integrability in
analogy to spin-chains and lattice models

In order to learn about the mother theories, the decoupled
degrees of freedom have to be restored, which seemingly
makes the Feynman diagrams more complicated

1/24



Introduction

Double-scaled twisting of planar ' = 4 SYM and ABJM

leads to conformal and integrable, yet non-unitary toy models
The Feynman diagrams are vastly reduced to regular fishnet
graphs, since many degrees of freedom decouple

Many exact computations are possible by integrability in
analogy to spin-chains and lattice models

In order to learn about the mother theories, the decoupled
degrees of freedom have to be restored, which seemingly
makes the Feynman diagrams more complicated

We propose to work with supergraphs as an ordering
principle. It allows us to turn to less radical deformations
while maintaining the regular structure in the diagrams of
perturbative expansions such that methods developed in the
fishnet models can be lifted “closer” to N'=4 SYM and
ABJM. Even gauge fields can be restored in a controlled way.
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Overview

Plan of the talk:

1.

Derivation of the superspace action of superfishnet (and super
brick wall model)

2. Super-Feynman rules and superspace integral relations

3. Critical coupling of superfishnets and super brick walls

4. Calculation of all-loop scaling dimensions of various operators

and OPE coefficient in both theories

21 op—t 3 1 3 1 23
4! !2 of Ja 4! !2 of Ja
%2 3 T 3 T 3 %0 %4

Relaxing the double-scaling limit and perturbative
reappearance of gauge fields
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B-deforming ABJM theory

ABJM in N = 2 superspace: [Benna,Klebanov,Klose, Smedback’08]
Samant = =i %+ Scs [V, V] + N Spat [ 2,0, 9] 4 NAZ- 500 [2,W]
Smat = /d3x d?0d%0 tr {—Z_Ae*)‘VZAe)‘{} - WAe*/“A)WAe)‘V

Spot = / dx 420 L eace®P tr [ZAWBZC WD} +he
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B-deforming ABJM theory

ABJM in N/ = 2 superspace: [Benna,Klebanov, Klose, Smedback’08]
Sapin = —i X - Ses [v, ﬂ 4N Spat [z, W, V, ﬂ FNX2 - Soo [2,WV]
Smat = /d3x d?0d%0 tr {—ZAe*WZAe’\{} - WAe*/“A)WAe)‘V
Spot = / x a0 } eace® tr |24 WeZWp| + huc.

(3-deformation: ' [Imeroni’08]
®p--- D, — 02 2m>n € 90,90, g ... o,

(21 22 W W |21 2, W W Y D
1 1 1 1
RIS I S S S 3 SR SRS S 2 I
=49 2 2 2 2|72 T2 T3 T3
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Double-scaling the 3-deformation of ABJM theory
B-deformed ABJM:

SaBaw,s = —i% - Sos [V, V] + N - Sua [ 2,0, 00,20

+ N)\Z/d3x 4?0 Ltr[g- Z2W22Wy — g7t 2 Z2PWs] + hee

with g := eth,

4/24



Double-scaling the 3-deformation of ABJM theory
B-deformed ABJM:

SaBaw,s = —i% - Sos [V, V] + N - Sua [ 2,0, 00,20

+ N)\Z/d3x 4?0 Ltr[g- Z2W22Wy — g7t 2 Z2PWs] + hee

with g := eth,
Double-scaling limit: A — 0 and g — oo while & := $gA? is kept
finite

e Matter-part of the action becomes independent of V, V,
hence Scg decouples.

® The superpotential becomes non-unitary
N¢ / dx 420 tr [ZWL 22y | +N¢ / dx %0 tr [ZOV? 2]
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Superfishnet and super brick wall theory

After renaming the fields, the superfishnet theory reads
[MK'24;Caetano,Giirdogan,Kazakov'18]

Sspn =N / d3x d?0 d?%0

4
o [_ SO0l + £ 0% 010,050, + £ - 62 00 010]
i=1

By the analogous procedure obtain super brick wall theory from
N =4 SYM [MK,Staudacher'24]

Sspw = N / d*x d204%0

3
tr [Z D, +i¢ - 2 D1 Dyd3 + i€ - 62 cb{cb;cb;]
i=1
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Superfishnet and super brick wall theory

After renaming the fields, the superfishnet theory reads
[MK'24;Caetano,Giirdogan,Kazakov'18]

SspN = N/d3x tr {Y,LDYM +iwtMeyt o, v
[ YV vy v Ve 4 vy vev] vyl vy vey]]
i€ [wauBy2y] —wBu vyl p ity ly] —wt?yty]

+ie [WusY]Y? - wswt YRy it v ve - vt v v

+ie [ayfwry 4 wiEy2utyl _wizytutly? S waviuy]] }

By the analogous procedure obtain super brick wall theory from
N =4 SYM [MK,Staudacher'24;Giirdogan,Kazakov'15]

3
Ssw =N [ d'xtr {Z (61061 — 15" 0,0i) + € (01020161 + san0f6] + s230] 6]

i=1

—i€ [p1eh21P3 + Pap3th1 + P3th1apa] — i€ [QbIlsz—B + ¢hdadn + ¢§1l_111l_12] + Edt}
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Superfield propagator
Chiral superfield at point z = (x, 6, 6) in superspace

®i(z) = " [3i(x) + V2 0ui(x) + 02 Fi(x)]
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Superfield propagator
Chiral superfield at point z = (x, 6, 6) in superspace
®i(z) = " [3i(x) + V2 0ui(x) + 02 Fi(x)]

Generalized superfield propagator from bosonic and fermionic
propagators in three- and four dimensions, respectively:

<¢i(21)¢T(Z2)> — ei[91’71"9_1+027M§2_291,‘/H9—2]817N 51] . 5
J u [X%2] [ f§:|

J— u

- 21 O—mm0 22

Spinning propagator and auxiliary 2pt-function

w.S Mu—3)o ...l u_ S
12 — 2

21 0MAAAD 22 T(u+3) (-2)° 210——O0 2
SIS L Wit W

21 OAAAAND 22 Mu+3) (-2)° 210——o0=
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Super-Feynman rules

superfishnet \ super brick wall

u

21 O——mO 22

~ i€ [ d3x 420420 6@)(F) | ~ —¢ [ d*x d20d20 6()(9)

3

1 2

~ i€ [ d3x d?0d%0 5 (0) | ~ —¢ [ d*x d?0d20 6?)(0)

i% — U izu — u
- .
[x122 1 O— O 2 [x122] 2 2
0 (212) = 210 O 22 ) (2]_2) = 2 O 29
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Useful superintegral relations

superfishnet

Supersymmetric chain relations for { super brick wall

} theory:

u up uﬁu%{ % ' { 4irg(2 — vy — up, Uy, un)

21 O O 22 =
20 20— O —4 r0(3 — u; — up, ug, U2)

} mg" Y ul+u27{ % L Air(2 —u — w, i, )
20 2 2 —4 f0(3 — uy — up, ug, U2)
. Uy U2 Y = ul+u27{ ; . ir0(3 — uip — up, U, Ug)
20 2 O0—— O I’o(4 —uy — uz, uy, U2)
. uy Us B u1+u27{ % ] ir0(3 — Uy — up, U, U2)
1 L O 22 = 2
20 HO— e« O r0(4— u — UQ,Ul,UQ)

with the abbreviations ry(u1, us, u3) := m2ag(u1)ag(u2)ar(u3),

M(2—u+te
a(u) = 4(r2(u+$ )
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Useful superintegral relations
Spinning chain relations

(Nv)

U1, 3 U2

21 OCBPAAAY— 4O 22 :4r§(uz,u1,2— up — U2) . ULt

20
- 3 =rs(up, tp,3 —up —up) Moo
210—4—2’\/\/\/\/\)022 - g 1, U2, 1 2 2 2
Super x-unity [MK'24;MK ,Staudacher'24]
(‘) O
[ 47m3ag(u) (2 — u) E
o —47r4ao(u) 30(3— U) 5
& o
(.) o}
[ am3ap(u) ao(2 — v) 5
.| —47*ag(u) ao(3 — u) 5
& 0
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A star-3 xtriangle relation?

Osborn’s formula (originally in D =4 N = 1)
[Osborn:9808041][Dolan,Osborn:0006098] adapted to D = 3 N = 2:

1 1 1
bzl ™ Deal™ beis)”

O 2 0nm X2 - o Dar 32 0Dy
013023x75 _ + 61203073 _ + O12013x33

/d3X0 d290 dzéo 5(2)(50)

u+uptu3=2

8 ro(u1, 2, u3) [X12277]3/2—U3 [X%3’7]3/2—U2 [X223’7]3/2—u1

with XI.J’."Jr = =X XY = X £109R0, 0 2= 0, — 0
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Vacuum superdiagrams

Row-matrices are stacked up and periodically identified to form
toroidal vacuum superdiagrams of the superfishnet theory:

(

NN
N[= N[

N———"
%
I

NN

N[= N[
N———
I
=

with generalized row-matrix

w0
(A2 2

X
.
N
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Critical coupling

The critical coupling = (radius of convergence)™! is the
vacuum graphs in the “thermodynamic limit", obtained by the
method of inversion relations [Zamolodchikov'80;MK,Staudacher'23]

1
11\ |2mN 1
SFN :
= lim |Zww (73 -
or M,Nﬁoo‘ MN <§ §> 732 (i) |2

[MK'24]
Similarly, for the super brick wall theory:

23,3(?%)=\<\<~\<

NN
- . 9/8
Critical coupling: ¢3BW = m

[MK,Staudacher’24]
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All-loop anomalous dimensions in the superfishnet theory

Extract anomalous dimension of tr [CDJ{@S(Dg} from
4pt.—function, similar to [Gromov,Kazakov,Korchemsky'18]

<tr [cbl(zl)cbg(zz)} tr [¢1(Z3)4>3(z4)]> -

21 o—t—023 2] ob—t—p—3-—w0 24 210>—
+ ()
22 o——5—=0 24 z2 3 —4-024

5 =1+EHoP
=X
1—-¢*HoH

with graph-building operators

—0 Q o
— \\ /,
H= 4 | , H= 2o | , P = 3
LN
’ N
T —s o
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All-loop anomalous dimensions in the superfishnet theory

Extract anomalous dimension of tr [CDJ{@S(Dg} from
4pt.-function, similar to [Gromov,Kazakov,Korchemsky'18]

<tr [cbl(zl)cbg(zz)} tr [¢1(Z3)4>3(z4)]> -

—1+§2]HO]P = Eo(A S)

2 )
—_— Qa QA —
Y 1—-&*Ho ]H A,S £22.5.0)(Sa.5.0] 1-£2E(4,S)

with a complete set of eigenfunctions 1 = i |QA757R>(QA757R|
A,S
and eigenvalue (Qa so/H o P = (Qa s0|E0o(A, S).
The pole condition
1= &E(A,S)

signals the exchange of the operator tr [¢I(23)85®3(24)}
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Zero-magnon case

The D = 3 N' = 2 superconformal eigenfunctions with R = 0 are
[Chang,Colin-Ellerin,Peng,Rangamani’21]

. o ;0
Q50mm) = BB [ 87 [ A )
21 01 20
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Zero-magnon case
The D = 3 N = 2 superconformal eigenfunctions with R, S =0

21

>

Xp0—>00

60,00=0
Qp00= 52 PR

Via = |52
2

>
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Zero-magnon case
The D = 3 N = 2 superconformal eigenfunctions with R, S =0

21

k>

Qppo= 52 %0 Vi = |52

A
29 2

Calculate the eigenvalue of Ho P and H o H from

<O <O
(W, = u(j ! ‘ ~ N ~ [~ Folu)(w])
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Zero-magnon case

The D = 3 N = 2 superconformal eigenfunctions with R, S =0
Z1 A
2 Xp—00

60,00=0
1A PR Wy = 152
2

Qp00= 52 20

A
2

22

Calculate the eigenvalue of Ho IP and H o H from

<\UU|H: u = |u+1 ~ ~ |u NEO(U)<\UL|

w + 1

The eigenvalue for generic S is

47t
1+S—-A)S+A)
with Eo(1 — A,S) = Ey(4A,S)

Eo(A,S) =

1424



Zero-magnon case

Inverting the pole condition gives the exact scaling dimensions
[MK’'24,MK:PhD thesis]

A=1+- ( 1+2,/(5+3) 47r4§2>

in agreement with [Caetano,Giirdogan,Kazakov'16] for S = 0. The
eigenfunctions |Qa s r)(Qa s r| are expressed in terms of the
superconformal blocks [Bobev,El-Showk,Mazac,Paulos'15] and by the
residue theorem the integral over A is performed to find the exact
OPE coefficient [MK:PhD thesis]
—A A
9S-1-2A_ [(S+3)r(A)r(>=3+2)r(>*)
S—A S+A
M(S+1M(A + )N(>=53E)r(=5+)

Cas=—
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Two-magnon case

Extract anomalous dimension of tr [®;®,®;P;] from
(11 [@2(22)®1(22)®2(22) 01 (22)] tr [ @] (23) 0L (23)0] (z4) 0L (z0) | ) =

S ST e SOTTL
K e KKK +e OO+
+ (23 <> za)

_ Ho(1+1P)
C1-¢HoH

with graph-building operators

z1 % 23 21 = 23 Q ,
2 4 A
—_ 4
H= 0= P=
- ’ - ) - /N
’ N
2 \ 4 ’ N
z2 3 zZ4 s [¢]
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Two-magnon case

Extract anomalous dimension of tr [®;®,®;P;] from
(11 [@2(22)®1(22)®2(22) 01 (22)] tr [ @] (23) 0L (23)0] (z4) 0L (z0) | ) =

Z)de + € 324@24 + § ZZA%@Z:‘ +
+(Z3(—>Z4)
Ho(1+P _ Ex(A, S
:7(4 —)Zi Q24,5,-2)(Qa,5,—2| i( ) 5
I &loll Jas 1 &6(0,5)

)

with a complete set of eigenfunctions 1 = i 1Qa.5 R) QA 5R
AS

and eigenvalue (Qa.s, o[ o i = (Qa.s._2|E2(A, S)2. The
spinless pole condition is

1=¢*Ex(A,0)2
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Two-magnon case

| am unaware of the exact form of the R = —2 eigenfunction,
however, it can be obtained in the limit
Xp—0Q

60,00=0
Qpo,—2 ~ WV

™[>
|
(S
|
>

1
2
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Two-magnon case

| am unaware of the exact form of the R = —2 eigenfunction,
however, it can be obtained in the limit
Xp—»00
Qp0,-2 %0090 \U%,% = |4-%

Calculate the eigenvalue of H o H from

T Al
(VyH = ~ 02,001 kite® (x3,, u) ~ Eo(u)(W]]

AN

22
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Two-magnon case

| am unaware of the exact form of the R = —2 eigenfunction,
however, it can be obtained in the limit
Xp—0Q

60,00=0
Qpo,—2 ~ WV

>

™[>
|
(S
|

1
2

Calculate the eigenvalue of H o H from

t Al
WEELA T 2,0 Kite®) (xdy, ) ~ Ea(u) (V]|
r 22

One finds the eigenvalue [MK'24]
E. (A) _ CSC(W(% +]‘))r(% +1)_ 3F2 (]-a]w%“‘ %1%+2,%+%,1)
? 32y7l(5+3) 1672 (A+3) (5 +1)
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Two-magnon case

PlOt Of 64 W:

15000
10000

5000 -

2 4 6 8

Zeros correspond to classical scaling dimensions of
O%r [¢1¢2¢1¢2]
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Two-magnon case

The small-coupling expansion of the first three operator’s scaling
dimension:

2 4 2

@ _,, & & 181 975,

A _2i12 576 2%%25
+3803,2268@+187r2(|og(4096)119)

8 10
35831808 &+0E7),
4¢2 & 2880072 — 191191 4
A® =4+
* 15 ~ 7200 777600000
191678057 — 145152000¢3 + 2880072(480 log(2) — 421) & 1 o)
5598720000000 ’
A6 _ gy 2 48" 3528007 — 2244421 e
35 2940 15126300000
N 2972114029 — 20744640003 + 11760072(1680 log(2) — 1801) &
148237740000000

+0(£7)
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All-loop anomalous dimension in the super brick wall theory

Extract anomalous dimension of tr [®;®;] from
(10 [@1(20)01(22)] tr [ @] (z3)0] (20)] ) =

21 o0 23 + 421 2 23 + 8z1 / / 23 +
22 o0 24 6 z2 :X‘:: 24 é z2 T 2}\ T zx T %4
+ (23 <> za)

_(+p)
1— &l

with graph-building operators

2] —=2 L 23 Q 0
H = P=
- j I - /N ’
LR
3 ’ N
z2 ¢ 5 T Z4 d
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All-loop anomalous dimension in the super brick wall theory

Extract anomalous dimension of tr [®;®;] from
(10 [@1(20)01(22)] tr [ @] (z3)0] (20)] ) =

4+,§4 \\: 4+,€8 \\? \\? 4.

+ (z3 <> 1)
(1+P) i - 1
N _ o) Q
11— Jis .52 A’5’2|1—§4EOSBW(A,S)

with a complete set of eigenfunctions 1 = i Q.5 R) (A 5R|

and eigenvalue (Qa s-|H = <QA75’2|EOSBW(A,7S). The spinless
pole condition is
1=¢"E""(A,0)°
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All-loop anomalous dimension in the super brick wall theory

Again, | conjecture the limit of the R = 2 eigenfunction

X()T>OO
00,00=0
Qo2 ~ WV, a:= |[2-
2

A
2
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All-loop anomalous dimension in the super brick wall theory

Again, | conjecture the limit of the R = 2 eigenfunction

Calculate the eigenvalue of H from

2 1

p Z1 H»——021
(Wy[H = - ;\ ~ et ~ B3PV (u) (v,

5 T z2 e»——0 22
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All-loop anomalous dimension in the super brick wall theory

Again, | conjecture the limit of the R = 2 eigenfunction

Calculate the eigenvalue of H from

32 1 Z1 H»——021
(Wy[H = - ; ~ et ~ B3PV (u) (v,
%1—022 ePp———o0 22

One finds the eigenvalue in agreement with
[Kazakov,Olivucci,Preti’19]

ESBWV(u)=—8u-r(2—u,u+1,1)r(2 - u,u,1)
: [w(l) (452) — ) (L52) + M (Z58) — @ (%)}
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Perturbative relaxation of the double-scaling limit

Recall 5-deformed ABJM
SaBiM,3 = =135 - Scs + N Smag + NAZ - Spoq, replace g = 2¢/)2
and expand up to \?

Sapyms =SSN + % / d'z tr [VDDY + VDDV
+ )\N/d7z tr [¢1¢1v + 030lY — ol D — ofo,D
— Ol Y — DDV + B0l D + b, 01D
—%VD(VDV) - évbmﬂ]
+0 (W0ve) + 0 (326126;) + 0 (32V?) + 0 (X?)

Hermitian conjugates of quartic scalar interaction fortunately
appear only at O(\*)
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Perturbative relaxation of the double-scaling limit

Consider again the zero-magnon correlator, and its graph-builder

P T

Diagonalization? Chain rules and STR for gauge superpropagator?
Choice of eigenfunctions?
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Outlook

Uncovering the complete integrable structure of the super
fishnet model (super brick wall) would require the
construction of non-compact superconformal osp(2|4)
(s¢(4|1)) R-matrices. Are the chain relations and
star-3xtriangle relation sufficient for this purpose?

How to uplift further exact results for non-dynamical fishnet
models to super brick wall and super fishnet models?

Can the perturbative relaxation of the double-scaling limit
help us to understand how the lattice-like structures evolve
into ABJM (or ' = 4 SYM) Feynman supergraphs?

We showed that supergraphs can prevent the ‘dynamical
melting’ of fishnets. Could similar ideas possibly work for
general dynamical fishnets, or even for N’ =4 SYM? E.g.
Harmonic superspace

23/24



Thanks for your attention!

24 /24



Superspace formulation of double-scaled 3-deformation of
N =4 SYM

N =4 SU(N) SYM in N = 1 superspace formulation
[Penati,Santambrogio’01]

3
_ 1
_ 4 2912 AZINAZY 4 2 o
S /dxd 0429 Ei:1:tr[e ole ¢,}+2g2/dxd 6 tr [WW,]

tig / d*x 420 tr [01[®2, B3] + ig / d*x d20 tr [cbf'l[cb;,cbg]]

[-deformation:
DD — b x ;= — o det("/|¢li\qj')¢i L ®;
with = (3.5,) = (13 ~1). @ = (=3, 3,-3) ane

qs = (—% -3, 5 [Lunin,Maldacena’05]
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Superspace formulation of double-scaled 3-deformation of
N =4 SYM

p-deformed N' =4 SYM in N’ = 1 superspace formulation
[Jin,Roiban'12]

3
= 1
4, 12972 —gV et 8V . 4, 32 a
5—/d x d°6d-6 El tr[e el ¢,}—|—2g2/d x d0 tr [W*W,]

+ ig/d4x 420 tr [q P1P203 — g 11 P3P,] + hec.

with g = e
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Superspace formulation of double-scaled 3-deformation of
N =4 SYM

p-deformed N' =4 SYM in N’ = 1 superspace formulation
[Jin,Roiban'12]

3
= 1
4, 12972 —gV et 8V . 4, 32 a
5—/d x d°6d-6 El tr[e el ¢,}—|—2g2/d x d0 tr [W*W,]

+ ig/d4x 420 tr [q P1P203 — g 11 P3P,] + hec.

with g = e
Then
® 't Hooft limit: Rescale the fields for genus expansion and
g — 0 and N — oo, while A = g°N fixed
® Double-scaling limit: A — 0 and 8 — —ico = g — oo, while
£ := X\ q fixed [Giirdogan,Kazakov'15]
26 /24



Superspace formulation of double-scaled [3-deformation
N =4 SYM
Double-scaled 3-deformed N' =4 SYM in A/ = 1 superspace
formulation [MK,Staudacher'24]

3
S = N/d4x d20d29_{2 tr [¢,T<D,-]
i=1

+ig - 02 tr [®1Pr D3] + i€ - 02 tr [QJJ{CDEQ%} }

of
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Superspace formulation of double-scaled [3-deformation
N =4 SYM
Double-scaled 3-deformed N' =4 SYM in A/ = 1 superspace
formulation [MK,Staudacher'24]

3
S = N/d4x d20d29_{2 tr [¢,T<D,-]
i=1

+ig - 02 tr [®1Pr D3] + i€ - 02 tr [QJJ{CDEQ%} }

In components: x-CFT dynamical fishnet [Giirdogan,Kazakov'15]
3

S = N/d4x tr {Z [d)f\:kb, — iJh‘&“Bﬂ/)i}
i=1
+ € [6102010} + 92616]6] + G262010]]
— i€ [p1¢21)3 + Pa)3th1 + P3th1eo]

— i€ [o152s + @it + 8linda] + Lai}

of

27 /24



Useful superintegral relations
Osborn's formula [Osborn’98][Dolan,Osborn’00]
1 1 1
o)™ o)™ [l
(012613) X35 4 + (023021) X3, 4 + (031032) X3P ¢

N 5 W o R e

i / d*xp d26, 420, 6@ ()

ututuz=3 .

4r(U17 u, U3)

H s A 7 Ho_ Ly gy}
W|thxl.j7+.7x’.7Jr Xj g X =X + i0oH6

and r(ur, up, u3) = m2a(u1)a(uz)a(us), a(u) = I'(|_2(;)u)
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