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. One corner of multi-loop calculations are differential equations
satisfied by Feynman integrals. Effective computationally,
good for classification and revealing hidden structures

. Productive approach - study special families:
bananas/sunsets, traintracks, fishnets, ...



~ Outline

. Fishnet integrals and Yangian invariance.
. Differential equations for multi-loop integrals
. Where is the place for Yangian PDE's?

. Solving and understanding Yangian PDE's




Fishnet Feynman integrals
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. For each vertex > Ajj =D
J

. Planar T, special topology (Loom construction (vwm,
Levkovich-Maslyuk, Kazakov] ), extra I’eStriCtionS on A'S
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Graph drawn on a Baxter lattice






. The x!* variables can be treated as position space, but also as

dual momentum coordinates x!' = p* — p!*

. In this case, we have the momentum space integral of the
dual graph.

. The one-loop polygon:




Yangian invariance

. Conformal so(D + 1,1) symmetry can be represented as:

P = —id, Dj= xjf‘axﬁ —iny, L= K=
P . Ir (D,A,“X,‘) = Z PJHI[' (D,A,“X,‘) =0
Jj

- the sum goes over all external vertices.

. Massless integrals are conformal if the sum of propagator
dimensions in each vertex is D

. Only required for K*. Scale invariance is always there for
massless integrals.




Additional symmetry, now we need the extra constraint on I:
PHIr(D, Alx) =0
with

~ i v v /
Pr— = 23 UL + 8" D) P — (i K]+ D 5Pl =

J<k J
2
:1 Z (5,uoc6)\u _ 5ua5p)\ _ 5,uu6a>\) (X' _ Xk)a 0 +
24 ! Ox}OxY
i<k J
0

where Pf‘ etc. act on the j'th external leg and parameters s;(I') depend
on the graph.



- Yangian algebra Y(g) (orsfe) , quantization of g[u]
. Generators: J? - level 0, J? - level 1.

. Relations:

[J37Jb] — fCach [ja’ Jb] — fCabjc

oo 3] oo 1] = )



- Yangian algebra Y(g) [prinfelq] , quantization of g[u]

. Generators: J@ - level 0O, J2 - level 1.

J7 = Z Ja
k=1

n n
ST I3}
j<k=1 k=1



Yangian algebra Y(g) (prnfiels) , quantization of g[u]
Generators: J? - level 0, J2 - level 1.
In our case g =so(D +1,1). In

Hence we are solving Yangian invariance for an infinite
dimensional representation.



Equations for Feynman integrals

. For the moment with masses and in momentum space, in
general D.




Integration by parts identities [k. chetyrkin, F. Tkachev (1981)]
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. Using IPB one can express all integrals in terms of a few
master integrals 1;

. Differentiation of a master integral over external momenta
produces again a sum over master integrals with shifted v
parameters and sometimes contracted lines

peXta 14 I _ZA’JI

ex t



Schwinger/Feynman parameters and
Gelfand-Kapranov-Zelevinsky equations:

. Introduce Schwinger parameters

v—1 a(p —m?)
(p—m2 / daa

Momentum space integral is now Gaussian and can be taken



. The integral over parameters is then:
00 FLD/2 S
-1
JARIEREE (6 wi prsseis s

. Or after further transformation in the Lee-Pomeransky
representation [Lee, Pomeransky] :

oo NE
/ H da; a1 (F + U)™
0 =1



. F and U are the Symanzik polynomials in «;'s, with
coefficients made from masses and external momenta
(invariants).

. For example, one-loop bubble:

U=0a1+a

F = m2a2 + m3a3 + (p? + m? + m3)ayaz



Picard-Fuchs equations

. Maximal cut of the sunset graph in D = 2:

d
I' A(t _ ,02) ::j{ aldazda3
F
Where

F = (Oq + oo + a3) (a1a2 “+ azan + a1a3) m2 — tajoanas

Y
N




. Elliptic curve = two-dim cohomology = PF equation [Laire,

Vanhove] .
2

<t(t — m?)(t — 9m2)%+

d
+(3t% — 20m°t + 9m4)a + (t — 3m2)> I (t)=0

- One can find (one of the solutions):

03 () g (el ) e (- 512)

n=1

. Equations represent the geometry. Multiloop sunset graphs -
CY g — ].-fOIdS [Bonisch, Duhr, Fischbach, Klemm, Nega],[de la Cruz, Vanhove],[ Lairez,

Vanhove]



GKZ equations




. Take the one-loop bubble in Lee-Pomerasnky rep:

Ipubble(m3, m3, p?) = /(U + F)~P2da;das
with the Symanzik polynomials

U=a1+ar

F = m2a2 + m3a3 + (p? + m? + m3)ayaz

U+ F=as+ax+mia? + m3a3 + (p* + m? + md)azas



. Lift the polynomials to generic coefficients.

2 2\—D/2
Iekz(z) = /daldazalllloz;z (zloq + znas + o] + a1 + z5a2)

It SatiSﬁeS [Gel'fand, Zelevinskii, Kapranov ]

H? o2 52 92
<8z} - 323325> lekz(2) =0, (821824 a 823822) Iekz(2) =0

. + scaling: 2101 + 22303 + 2404 + (1 + Vl)IGKZ(Z) =0, ...

. Such equations are obeyed by roots of polynomial equations,
periods of toric Calabi-Yau manifolds, and generic Euler type
integrals



. Lift the polynomials to generic coefficients.
_ vy U2 2 2 _D/2
Iekz(z) = | dardazaias (zloq + nas + o] + a0 + z5a2)

It SatiSﬁeS [Gel'fand, Zelevinskii, Kapranov ]

H? o2 52 92
<6‘z§ - 823325> lekz(2) =0, (821824 a 823822) Iekz(2) =0

. Solutions - generalized hypergeomemetric series,
A-hypergeometric functions

. F.I. also lie in this class of functions [ Nasrollahpoursamami (2016), K.
Schultka (2018), P. Vanhove (2018), L. de la Cruz (2019)]

Loubble(m3, m3, p*) =

2 2 2 2 2
=lgkz(a10=1,a01 =1,a00 = mi, a0 = M3,a11 = mj + m5 + p°)



. Lift the polynomials to generic coefficients.
_ 22} 2 2 7D/2
Iekz(z) = | dardazaias (zloq + nas + o] + zaan + z5a2)

It satisfies [Gel'fand, Zelevinskii, Kapranov |

2 o2 52 92
<323 B 823825> faz(z) =9, (821824 B 823622) lerz(2) =0

with integral representations. We only note that among the Euler type integrals associated
with systems of the form (0.2) there are the integrals SITP,(Q, P L L .ﬁ“dq. L.dt,

where P; are polynomials, i.e., practically all integrals which arise in quantum field theory.
A separate paper will be devoted to these integrals.




Equations for fishnet integrals




. Fishnet integrals are Yangian invariant, that is we have
equations:

EZ <5MO¢5}\V - (51/045;0\ o 5uu(5a)\> (X' _ Xk)a H? .
2 o ! axj/\ax,f

0
+ Zsjaxu) Ir(X) =0
j J

. + conformal symmetry:

"0

Oxt
i=1 i

’ 0
(Z XINW + A,’) Ir(X) =0

i=1 !

Ir(X) =0



. Conformal symmetry implies that:

Ir(x) = [T 717"

i<j

= 115"

i<j

Cross ratios:

with

A_ _
Qjj = J” ai =0, E:O‘u_

Where A labels different ( =3) cross ratios (ND - W)

. Conformal weights satisfy

Bij = Bji Bii=0 Zﬁijz AV,



. The level one generator then rewrites in terms of cross ratios

S  [F.Loebbert, D.Miiller, H.Miinkler ]

Z o3 PDE

- Equations PDEj, are purely in terms of cross ratios



. Example - the cross [F.Loebbert, D.Miiller, H.Miinkle]

D

I (X): d X0 _
+ 2A1 20, 203 2A,
X10 X20 "X30 Xa0

2A5+4+2A3—D 2A4—D —2A3-2A4+D —2A, (0)
X14 X130 X34 Xy Ly (u,v)

. Cross ratios are chosen as:

2 2 2 2
_ X12%3 %1473

2 2 2 2
X13X24 X13%X24
1 _ 1 _ 1 _ 1 _
Qajp = Q3q = —ajz = —ay =1
2 _ 1 _ 1 _ 1 _
afy = a3 = —ajz3 = —ay =1



. Out of 4-3/2 =6 PDEj, only 2 are independent

0= (af+ (a+ B)(udy + vo,)+

+(udy + vO,)? — ud? — ~0y) I_(FO)(u7 v)
0= (af+ (a+B)(udy+ vo,)+

+(udy +v,)? = vd2 —7'0,) 19 (u, v).

. 4-dim solution space - Appel F4 functions

. + choice of convergence region + symmetries + boundary

conditions [F.Loebbert, D.Miiller, H.Miinkler]



- In D=2and A; =1/2, change to coordinates
zz=u, (1-z)(1-2)=v.

Then the integral is:

1 ), =
ILi(x)=——)I; (2, 2).
+( ) ’X12HX34|)+ ( )

. The equations factorize into a holomorphic and anti-hol. part:
(1+4(2z — 1)0, + 42(z = 1)92) 1(z,2) = 0

. I_S_O)(Z,Z) - expressed via periods of an elliptic curve.



. For rectangular fishnets [puhr, Kiemm, Loebbert, Nega, Porkert]

¢ _
dx; A dx; 1
Ir(Z) :/ | | ‘/_2I J

j=1 |Pr(x,2)|?

. Expressed in terms of periods of the variety:
y? = Pr(x,2)

With the degrees of Pr being exactly such that they define
CY manifold. ¢-loop = /¢-fold.

. The Yangian equations PDEj, - Picard-Fuchs equations for
these CY.

. Generalizations . ..



. General form of the equation [vM, Levkovich-Maslyuk]

PDEj =2 Z — Z + Z - Z Xiklji0jk+

I>j>i  I<j<i  I<k<ij I>k>ij

i—1
+ Z(5j>,’ — 5j<i)9ik91j + 6>k | 2 Z Aj + A+ D | 0y—
A j=k+1
k—1
—dj<k | 2 Z Aj+ Aij+ D | Qi + 2(sk — si)0ik
Jj=i+1

where:

2.2
X Xjj

0
AFA
Xikj = 35 0ij=) o =7+ B
" xiz,x,fj7 Y ; Us oA Y



. You could solve a different problem: what are the possible
Yangian invariant functions?

P(s) - F(x) =

0
so(D+1,1)-F(x)=0

. One flndS (eXperImenta”y [VM, Levkovich-Maslyuk, Kazakov] ):

/
Aj+Aj .
Sjiy1 — S = —% - Z(Ai - D/2)
i=1

. Agree with the Loom and other approaches [ioebbert, Rienaufer,

Stawinski]



. Disentangle the level-one pr symmetry, from conformal
symmetry

Xt — Xi? — > uv,...

. The IeVel‘One Operator |S [VM, Levkovich-Maslyuk, Kazakov] -

IS” — ZL"’(U + I%,'k

where

0?2 0?2
Lij =
VT a08)003)  a(x3)O(E)

[Pal,Ray]

. The level 0, i.e. conformal constraints:

> s

JF#i ’




Towards solving Yangian PDE’s




GKZ systems:

le ker(A)
s 1 H 52T
A+ b - £ >0 0z;
n x N matrix  vector C" ZA..Z.i — b;
_ % g,
system for a function
Triangulations,bases,. . . of n-variables z

_ 2
Zk—X,'J'

A b -

special

Solutions:
1

>
u€ker A vazl (’71 +ui + 1)
Ay =bT

u, +7i




. Matrix and vector:
2
1 2 0
A= <1 0 2) = kerA=27- (:1)
b= (b b)
. Equations:
H? 2

67212 B 822823

72101 + 2200, — b b b 2
11 202 ! = ®(z1, 20, 23) = 2,° z5° Do (Zl>

7101 + 22303 — b 2273

1 x 1 b1 b 3 x

(O] szi12 = c12F; —E _E-i-f +C\/)?F
0 - — 121 27214 2 21 2 272 2,2,4

1 b1 1 b2_3_X
273 2’



- Liyj are a special type of GKZ system - for special type of A

[Gel'fand, Zelevinskii, Kapranov |

. GKZ equations have known solutions in therms of
A-hypergeometric functions and can be treated with
hypergeometric methods

. Whenever R -vanishes (n-cross, ...) the level-one Yangian is
equivalent to GKZ equations

. For our A's GKZ tell us that the space of solutions is
2N=1 _ N dimensional.



. When does R vanish?

. At 4 points we get the conditions:

(A1 4+ D0 — A3 —As) (A1 — Do — A3+ D) (A1 + Do+ A3+ A, —D)=0

. At 5 points we get many conditions like:

2D =A1+ D0+ A3+ Ay + As
D=A1+Ar+ A3+ Ay + As
A1+ Ag+ Ag = As + Ag

D+ Az=A1+Ax+ Ay + As



More equations (see Florian's talk)




. Two-point " Yangian" "

1 0?
Lo SAV SV SUA _ SpV SO . a
. (5 F — grageA _ g )(x1 %) o
0 0 0
A — Do | - -
* Loxk 2 Oxl" e x 0

. These are more peculiar equations, that exist depending on the
topology, these extend to more intricate relations (jLoebbert,Mathur]

. MaSSiVe f|Sh nets [Loebbert, Miczajka, Miiller, Miinkler]

. In fact level one symmetry P holds independently from the
Conformal Symmetry [Loebbert, Riienaufer, Stawinski]



Fun things to do with Yangian PDE's:

Restrictions




. Suppose we have an equation for a function f(x, y). Can we
find an equation for, say, g(x) = f(x,0) or g(x) = f(x, x).

. A restriction D-module is well defined for good systems of

€q Uations [Henn, Pratt, Sattelberger, Zoia],[Sattelberger, Sturmfels] .
. GKZ systems are good - allow restrictions.

. We do that already, when restricting the GKZ systems for
Feynman integral to physical parameters.



. Variation 1: Non-conformal integrals



. Variation 1: Non-conformal integrals

. Conformal — scale + Poincare. To break constraint
Y>> A; =D, add an external leg and then send it to infinity.

. By conformal symmetry this is equivalent to x(2n+1)j =1,Vj
Hence > A;j =D — Ay

- Recall that level-one symmetry is still preserved (the L, part
of the Yangian GKZ)



. Variation 1: Non-conformal integrals

. Recall the cross:

D

Ly (x1, x2, X3, X4) = 9 X X7 = v

+{X1, X2, X3, X4) = (21 20, 205 21, y oy
10 %20 %30 a0

The GKZ operators:

0? 0? 02 0?
<8V128V34 B 8V136V24 ’ 6V128V34 B 8V148V23>

v12012+Vv13013 + v14014 — Ay
v12012+ V23023 + V24024 — D3



. Variation 1: Non-conformal integrals

. After sending xj — 00, via = 0, we obtain a three point
non-conformal integral. In dual momentum coordinates -
one-loop triangle

}’1:P%7V2:P%7Y3:(P1+P2)2



. Variation 1: Non-conformal integrals

. After restriction we have:

D D
(Y1af—)/35§)+(1—2+A2+A3>81— (1—2+A1+A2)83

D D
(ygag—y3a§)+(1—2+A1+A3>82— (1—2+A1+A2)83

(303 + y202 + y101) + (A1 + Az + A3 — D/2)

Exactly the equations for the non-conformal triangle/star



. Variation 1: Non-conformal integrals

. From the canonical GKZ approach we get:

a1y a3
_ 3 o Q0
IA = da 3
Q (ziov + 220 + z3003 + Znv1 0 + Z5O103 + Zsv2(03)

The GKZ system is exactly the Yangian one upon certain
identifications. Moreover, the restriction to physical variables,
requires z1 =z = z3 = 1, z4 = (p1 + p2)?, 25 = p?, 26 = p3,
which is the same restriction.

. Claim: the unrestricted/lifted GKZ system for the
non-conformal star/triangle is the Yangian GKZ system for
the conformal cross.



. Variation 1: Non-conformal integrals

. Variation 2: Gluing points.

Restrict to x; = xo, or x122 =0, x12j = x22-, for example, from
double cross to a simplest ladder.

. Variation 3: The "non-GKZ" Yangian as restriction of a
bigger GKZ system.



Some remarks




. Fishnets are interesting diagrams to study from the PDE
perspective

. We could potentially write have a complete solution for the
Yangian PDE's

. The equations come from an algebra - the Yangian.



. GKZ systems are related to Calabi-Yau geometry. Is our
observation related to some D-dimensional deformation of PF
equation for fishnet CY periods in D = 27

. Fishnet theory - "completely perturbatively solvable” in some
sense?



