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Tessellation

covering of a surface using one or more tiles with no overlaps and no gaps
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Tessellation

covering of a surface using one or more tiles with no overlaps and no gaps

@3 — Einstein Aperiodic Monaotile

[David Smith 23]

Physicist question:
What are the simplest mono tile tessellation?


https://en.wikipedia.org/wiki/Surface







Triangular Tile

6-vertex
Lattice point


















Square Tile

4-vertex
Lattice point



From Escher to Fishnet

# of edges/vertices

Spacetime dimension

D=4



From Escher to Fishnet

Edge = Propagator

|

2
X A2 X5

# of edges/vertices

Spacetime dimension

D=4




From Escher to Fishnet

Edge = Propagator
1

2
A2

# of edges/vertices

Vertex of the lattice

Integrated scalar

¢ 4  interaction

Spacetime dimension

D=4
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Conformal field theories dominated by a specific class of multi loop Feynman graphs
with the topology of a regular lattice
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What is a fishnet?

Conformal field theories dominated by a specific class of multi loop Feynman graphs
with the topology of a regular lattice

on\OoX 96

\&s/

D — ¢4 D — ¢6 D — ¢3
N =4 SYM ABJM (2,0) SCFT ?
[O.Gurdogan,V.Kazakov ’16] [J.Caetano,0.Gurdogan,V.Kazakov '16] [O.Mamroud,G.Torrents ’17]

e Higher dimensional non-SUSY CFT’s

. . . INTEGRABILITY!
e Simple diagrammatic structure

[A.Zamolodchikov '80]
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What about fermonic propagators?

The previous structures can be generalised considering fermionic propagators

Dynamical fishnet in D=4 [V.Kazakov, E.Olivucci, MP 18]

Is there a systematic way to obtain fishnet structures from theories that we like?
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W-defOl’med N :4 SYM [N.Be[igélir(;:?;;:b?n 15]

Replacement of the ordinary product with an associative non-commutative *-product

' A 1B
A * B p— e_éeijk yl‘]] Jk AB [O.Lunin,J.M.Maldacena, ’05]

Where 7 is a twist and Jsz ; are the R-charges associated to the field ®

1 1 o
L = N.Tr [_Z W — §D“gbj D, ¢ + wmwg‘} + Lint

where i =1,2,3, A=1,2,3,4, D5 = D,(c")3
Line = Neg Tr[{0], 6 Hol, 07} — ge ' gl ¢'¢)

— 7B ¢y + €T3 Py + deggre s EmImyF iy

TRl e gl + ieTher i In gl ]

V3 £ Y2 Y1 = Y3 Yo £ V1 .
5 7’72i__ 5 ,ng,E:— 5 for the twists.

and

We use the notation 71i = =

Deformation parameters q; = e 27 7 =1,2,3 , related to the Cartan subalgebras

u(1)? C su(4) = s0(6) , break supersymmetry!!
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The double scaling limit

g—0 g —

DS limit = Weak coupling + Large imaginary twists £ = 4mq;q fixed
(A [

In the DS limit the gauge field decouples [O.Gurdogan and V.Kazakov "16]
1 TG o '
£¢¢ = NCTI' (—5((9“@6’“@ + ij (O"u)d MD]@) + ﬁint
and only a certain class of Yukawa and 4-scalar interactions survive
Lins = NoTr (€] 00}0%0° + & 0ol 6%6" + & ololo'e?
+iVEE(W " + ol ) +iVEEW 62 + Dol +iVEG(W M + Paolin) )

The theory is CHIRAL = Action is not invariant wrt hermitian conjugation
/

/
L’ Very limited number of planar graphs. / A
Dynamical Fishnet \ \

\ \

To preserve renormalisability theory must be supplemented with double traces

2 4 1
Oz? Trqﬁ? Trgbz g o, Conformal symmetry

Bo, = Z5 sin® v sin? v + - - _
New coupling run A £ ¢ Y 4q2 restored imposing f = 0

with the scale
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A tamily of fishnet theories

The 3 couplings 51,2,3 are free parameters that we can play with

* & = & = {3 = {1 p-deformed theory 7~ b 1susyrestored

« & — 0 . 3-scalar, 2-fermion theory

Lin = NoTr(8 63610°6" + 65 01010' 6 + iVEE (1261 + ds6]9) )

¢+ £1,6—0 . 2-scalar theory (“biscalar’)
Square lattice

I
Lin = NeTr (& 6lofo'¢? ) e Sliuclure

We are interested in studying the spectrum of anomalous dimension of those theories.

!

This is related to Feynman periods of fishnet graphs
(see Francis/Matija review)
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Spectrum: graph building operator

It is encoded in two-point functions D(z) = (C’)L(x)OTL(O» = ( QC;IL;J(FQ GE
€T VL

Consider the two point function <Trq5f(0)Trq§,}LL(x)> in the 2-scalar theory

Hamiltonian evolution in
the radial direction (xp+1 = 1)

M
L
Hp = AL
ll_[l ($l+1 — x7)? H '
L It is a fishnet graph with ‘E'l x|2 $|3 T‘l --------- Cji
boundary conditions — © e
Y1 Y2 Y3 Y4 «ev cvnnn. Yr yL—l—l

Contribution of the wheel graphs to the two-point function

o0 L
d*y;
T) = E §2LM Il ;JZTL,M(M,..-,fIJLth.--,yL)
y.
M=0 i=1 77 \

Cylinder fishnet with M
wheels and L external
points

1=+ =T =T

Transfer matrix of a

non-compact ’TL,M :HLOHLO"'OHL — (HL)M

Heisenberg spin-chain
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Define R-operator acting on the tensor product of 2 reps of the conformal group
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Transfer matrix

Define R-operator acting on the tensor product of 2 reps of the conformal group

Rio(u) ®(x1, x2) =/d4y1d4yz Ry(z1,22|y1,y2)®(y1, y2)

—1 —u
Requiring that satisfy X,
Yang-Baxter equation
c(u) 2+ u

Ru L1, L2(Y71, 1 = , : ‘ ‘ ‘ y
(@1, 22l91,92) = T STy = 92 (w2 — 50 2 [ — )]

Construct the transfer matrix acting on L copies of the conformal reps

TL (u) — tl‘q.[Rl()(U)RQO (u) coe RLO (u)]
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Transfer matrix

Define R-operator acting on the tensor product of 2 reps of the conformal group

Riao(u) ®(x1,x2) =/d4y1d4yz Ry (x1, x2|y1, y2)®(y1, Y2)
/

Requiring that satisfy X,
Yang-Baxter equation

o1 — 222 (1 — 42)2(2 — T2 (5 — )]

Y2

24+ u

Ru(xla IQ‘ylv y?) — [(

Y1

Construct the transfer matrix acting on L copies of the conformal reps

TL (u) — tl‘q.[Rl()(U)RQO (u) coe RLO (u)]

€]

1 o2 i)

Yang-Baxter assures that

transfer matrix commutes with [TL (u) : TL (U)J — () INTEGRABILITY!
all the integral of motion
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Graph building integrability

Transfer matrix at special value u = — e withe — 0 —— Cyclic shift
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Graph-building operator is the leading asymptotic of the transfer matrix
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Graph building integrability

Transfer matrix at special value u = — e withe — 0 —— Cyclic shift
Transfer matrix at special valueu = — 1 + e withe — 0O
1
r-————r e Yl s s s e . ®

Graph-building operator is the leading asymptotic of the transfer matrix

J

1 1 1 1
gL e I | .
( °) (de) [ 5] x> (@ — L T

Then the graph-building operator commutes with the integral of motion

To compute the spectrum, we need to diagonalise 'HJ and to resum all eigenstates
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Qu,+(X|Y) = H
Qu-ly) =]

Q-functions from field theory
Qo) - | [[#Qutx)o)
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Qu—i— X|y H

=1
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Q-functions from field theory
Q) = [ T[d0Quslxly)e

1 ot 6. & g 24 B+
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Q-functions from field theory
Q) = [ T[d0Quslxly)e

0 ( | ) L 1 e 0, 9 gy o B+ o
u,+X|Y) = H
i=1 b yq;|2a+ |z; — yz'+1|2ﬁ+ W yz-+1|27+ 7 i 1 U . Vs . Ua YL
L 1 z P z3
Qu,—(X‘Y) =~ H 26_ 20— 2y & . .
1 |yz b xZ| |yz = $i+1| |xz = $i+1| B- o B- o B o B-
Yy Y2 Y

Transfer matrix can be rewritten in terms of the new integral operators

T (u) = [e(w)]” Qs (‘;’ i u) Q. (; i u)



Q-functions from field theory
Q) = [ T[d0Quslxly)e
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i—1 |5L'z e yi|2a+ |«’13z - yi+1|2ﬁ+ |yz - yi+1|27+7 i = 7 : e . Ua YT
L i) ) I3
1 - _ -
Qu,—(X‘Y) - H 26_ 20— 2y : : 1
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Q-functions from field theory
Q) = [ T[d0Quslxly)e

0 | L 1 o By @+ By O+ B+ Q.
u,+ X y H 2 9 )
=1 |$ - y’&| - |£U7, - yi+1| ! |y’& — Yi+1 |27+ U1 - U2 . U3 : Ya YL -
ﬁ 1 T — T2 — T3 — Ty TL —
el e D . . a B

7 Q_|_ (§ - 6) ~~ & They can be constructed

2L = i 2 -
| | — llm € in terms of the QSC
Relates Q—funcﬁlons with 5 e 0 Q (l . 6) Q-functions!!
the coupling 1\9



Computing the conformal data

Consider a 4-point function of operators in the DS limit

G(u,v)  2.a3 CX,SU(A_S)MQA,S(U’U)
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L19L34 L19T34
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Computing the conformal data

Consider a 4-point function of operators in the DS limit

G(u,v)  2.a3 CX,SU(A_S)MQA,S(U’U)

5 2 2 2
L19L34 L19T34

lts perturbative expansion has an iterative form that can be written as a geometric sum
of primitive divergencies

(Tr[O1 (21)O2(22)] Tr[O] (23) O} (24)]) =

2 2 2
& generated O generated o] 1

by by ZFHM&]?g]]

IH; IH; 512‘1251334




Computing the conformal data

Consider a 4-point function of operators in the DS limit

u, v C2 ulA—5)/2 U, v
<T1"[Ol(551)02(5172)]%[01[(5133)0;(5134)”:gg 72) :ZA’S 2.0 55 gas(w 0)

L1234 L1234
lts perturbative expansion has an iterative form that can be written as a geometric sum
of primitive divergencies

OLJ2 generated O(JQ' generated O(? °C 1
Hi Hi /—0 7 12434

The integral kernels ‘H commute with the (1,0,0)x(1,0,0) spin-chain (generators of the
conformal group). This property fixes their eigenstates ® A s such that

(A-S)/2
FHi, a;,&]®as = fhi(A,9),§]Pa,s and  G(u,v) = Z/dwm,sl; - f[h.iqﬁ’ssgujﬁ?
S ¢ 1)1 5]

where A = 2 4 2tv and 1A, s is given by the eigenstates normalization.




Computing the conformal data

Consider a 4-point function of operators in the DS limit

U, vV 02 y(A=95)/2 u, v
<T1"[Ol(551)02(5172)]%[01[(5’33)0;(5134)”:gg 72) :ZA’S 2.5 55 ga.s(w 0)

L1234 L1234
lts perturbative expansion has an iterative form that can be written as a geometric sum
of primitive divergencies

OLJ2 generated O(JQ' generated O(? 1
by by § F H’L? & 5 J? 5]]
H, H, T1o T3y

The integral kernels ‘H commute with the (1,0,0)x(1,0,0) spin-chain (generators of the
conformal group). This property fixes their eigenstates ® A s such that

(A-S)/2
FHi, a;,&]®as = fhi(A,9),§]Pa,s and  G(u,v) = Z/dwm,sl; - f[h.iqﬁ’ssgujﬁ?
S ¢ 1)1 5]

where A = 2 4 2tv and 1A, s is given by the eigenstates normalization.

The the conformal data can be computed using

dA
f[hz(Av S)v fj]

C’Z,SocRes<1_ >, and A =1-— flhi(A,S5),&]=0



Spectrum of 2 sca\ar theory for [ =2

Consider the4po nt function G = atsp n S=0
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Spectrum of 2-scalar theory for L=2

Consider the 4-point function G = (Tr|¢1(x1)d1(x2)] Tr qu (x3) qﬁT (24)]) at spin S=0
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Spectrum of 2-scalar theory for L=2

Consider the 4-point function G = (Tr|¢1(x1)d1(x2)] Tr qu (x3) QST (24)]) at spin S=0
X1

@ D@@@M

= aiV + H

To compute the scaling dimension we have to solve h ™1 = £*computing the eigenvalue

woa= ||| mn e

(A +SHB+S-2A-5-DA -5 -4 =¢' A=2+\/1+(S+1)212\/4§4+(S+1)2




Spectrum of 2-scalar theory for L=2

Consider the 4-point function G = (Tr|¢1(x1)d1(x2)] Tr qu (x3) qﬁT (24)]) at spin S=0

Z D@*@D@Z

= aiV + H

To compute the scaling dimension we have to solve h ™1 = £*computing the eigenvalue

%¢Aj>>h>—hq)A (A —4)(A —2)°A = 16¢*

Solving the quartic equation we obtain

* twist-2 operators A =2 — 2% 48 — _2510 4+ 0(514)

e twist-4 operators A =14 _|_€ _ 158 4+ §€12 4 0(516)

[D.Grabner, N.Gromov, V.Kazakov,

« 2 shadow operators A =4 — A G Korchemsky “17]



Spectrum of the DS theories for L:2

Consider the same 4-point function G = (Tr|¢1 ( 5131 1(x2)]Tr ng (3) qﬁT (z4)]
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Spectrum of the DS theories for L=2

Consider the same 4-point function G = <Tr[qb1(331)gb1($2)]Tr[§bi ($3)¢J{($4)]>

P1 P1 P1
¢3 ¢2 w?’ /\A/\




Spectrum of the DS theories for L=2

Consider the same 4-point function G = (Tr[¢1 (x1)¢1 (z2)] Tr[d] (513:>>)Q5Jr (z4)])
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Spectrum of the DS theories for L=2

Consider the same 4-point function G = (Tr[¢1 (x1)¢1 (z2)] Tr[d] (513:>>)Q5Jr (z4)])

Q======- Vad
®1 ?1 ?1 \\ (0 //
\ /
¢3 P2 3 A
/ \
// \\
/ \
>, P R -9

=iV + (G HEDH + EE5H;

Then the spectral equation reads h_l — §§§§h_1hf — fg —+ fg where

(At (A 4 )
’ (2 - A)(S +1)

(A —4—A)



Spectrum of the DS theories for L=2
Let’s focus only on the scaling dimension of the twist-2 operator Tr[¢1(x1)p1(x2)]
A=2-iyfe2 2= (€~ o)+ (761~ 12686 (360 + 5Gs) + 108643 ).

where &_ = &5 — f% cand §23 = £2&3.
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Spectrum of the DS theories for L=2

Let’s focus only on the scaling dimension of the twist-2 operator Tr[¢1(x1)p1(x2)]

r
A= 2-i/e2y (@)466,6) +1 (79)- @2 66+ 56) M08 D) -

where € = €31~ €2 Jand €23 =Eoly-

It's the scaling dimension of the Terms generated only by h
2-scalar theory with €2 — £2

The spectrum of the other two operators with i=2,3 can be written in terms of A1
Ag=A1(§ = &1,&3) and Ag = A1(€2>€3 — 51)
Spectrum of the DS sub-theories? (7,7, k =1,2,3)
2-scal
. gz%o AfmAg;ﬁz:A scalar
« &y &i#i =0 Apzi =2, A; = A = AFscalar

_ _ _ _ : : J.Fokken, C.Sieq,
e S1 =86 =E3=¢ A; =2 inagreementwith | Wil ,14]9



Aggiungi cosa c’e’ sugli external point e che operatore generico si sta calcolando

-_’_.------_.
-
-
-
v
’
L4
'’
' ”__,-----~._~~
“ O"
- ,
'\
L4 ~.
8 ~.. - - -,
] _d"‘-------""i.,
1 o®
) =
A
.
4
g ~
. e m= By,
\’_‘
' SN - -
‘ ’ " E-----
,
)
\s
"~
- -
’ \Q ‘-‘.-- .
' -
s kY
v ~ .
Y &’ ST ccaunn"
A
’
7,
L]
~
' ~~
S ~ O~ -
. ST s mw=-"
A )
‘>
-
-
~
~
~

-
- “wa

-
a"® -.-h
-

-

-
-~ -
S --—--

-

- -
- -~
-

-

~

-
~

-
il R

-~
-
-
-
-~
~
-~
.
.
.
g
L]
1
.
’
’
-~
s
. ¢
.~ ¢
PN
o -
- ‘-
i .
n
1
1
]
L]
’
T ,
-~
.~
. ,
4
o~
e O
-
& »
3
]
]
L
'
’
'

n

-
T_— T
-
™" '-.~
.
’
:
‘. -
~ m - o
P e I TP ~0~
’
'

A )
- -,
~ " ! O~
z >z
IS - -~
e
’
’

'
L

A

. ," Ses
- -~
’ - -
’

- -
"t ="

~
A
.
-

’
I ~
L}

- -
e

-

- -
*rmea=="

Gia)




- -
’/” \\\
) N
,’ \\ /”" ‘N\
/ B~ ~ /, o
’ PR =~ N e = T
4 - S N N ”‘ o
’ , h N N . )
y > I . \ ’ N Pig ~
’ /s Cle -~ N S / B gl )
/ ’ -~ ~ \ \ ’ X ’ A
’ B \ / : ‘ :
’ ’ ’ ———— ~ \ ’ S T
- - X N X PRt Ll T \ - - N
i F ¥ B % X 7 - - 4 -~ ~ N
f ) ¥ , e N X \ \ ’ Pl ~ \ ’ P o \
[ F Y e . S \ \ / N N k ’ ’ : )
h , ~ N A N \ ¢ ’ )
; I I 7, AR 3 \ ; ; S / ’ P N \
1 1 . ! \ \ ! ’ - \ 4 - N h \
. 1 AN ) ——— \ \ f o i h
A ! ! i | N b ! ] 1 ! / ’ S \ \ / ’ ’ —— ~ \ \
1 T X2 Xq At ] ] / ’ N \ / / A ~o N !
1 v 1 - 1 ! ! 4 \ § ’ i ;
1 1 ! . / \ ) / ] 4 CTTIIN
\ \ vy royo ! 1 X3 X ! F \ 1 ' 4 g N Al SRR \
\ \ v v N ’ K I 1 T X L ! ] ] ’ ’ SNy \ )
X R . v X2 X - / i Vo
\ (L NN / ] 1 1 ! : ] ] ! k i
\ : - o % | \ I T H I \ \ 1 1
\ \ N . y i 1 1 / - X3 X4 ! [ S
X \ R ~. - J/ F ' \ \ / ] I T T 1X: L 1 1
\ \ N S=—= y / / \ \ ’ / ! L X1 I
\ AN S~ -~ ’ / A . ol / - o\ riod i X3
. - i : y \ “ . \ \ \ / ! [
% . y ~ P l \ v N / /
\ ~ ’ / \ S—— /7 ' \ \ N Ay ! /
N S~ . ’ \ / \ A N £ ! ]
\ Sa PR g 4 N\ Vi \ \ \ ~ N B 4 4
N ~a - ’ N P ~ Pl 4 / /
N - ’ b ¢ k h : T ’
N ’ ~ ’ A N h g i ]
. ) - . X ~ ’ ’ ’
. h ~e _- \ Se > 4
\\ /’ ~ - - \ h 5——_“ ’ i
S /' _____ i ) ’ ’
. _”’ N \\ ,/ 4
- ——— X \\ ” ’
N N ————— - /I
S ’
N ,”
\\\ ,,’
-~ -

Grm
E[O]:( NS 167t
— + _
+2)(~A+S+4)(A+5—2)(A+5)

Fpy = (1) (%(S —A+ 4)) — 1 (

1
LS5 -A+6)) — W S+A
1 D (R o+a 26(1) (1 ., )
(1672)2(A —2)(5+1‘E ) o7 (1S +A+2)

Epy = (-1)° dmc”
(—A+S+3)(A+5-1)

OL.m.e = Poyg(0)tr[op] b (b; n



) y ﬂ‘< Jﬁ
T
ol \ A )I - |
‘, 6
wor | — A0 = 4i2\/§§2—2§4i%+(8 — 12(3) €8+ (30\/_ (3 — E) 04 (—96¢3 — 60¢5 + 168) £2+0 (¢1)

|

LR I ! P " P
0.0 05 1.0 1.5 20



Twisted QSC captures introducing twisted boundary conditions in the

integrable deformations of N=4 spin chain picture arising at weak coupling
such as gamma

It is described by the same QQ-relations but
Q and P have different asymptotic depending
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Diagonalise with baxter

g — 0 and s = vVkk — oo with £ = gs fixed
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Dependence of Delta on m and xi?
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We need 2 independent solutions of the Baxter equation with m? = 56

We want a perturbative solution in powers of m. Leading order
Am=0)=L=J+2n

a1 = Pr—1)/2(u) , ar1 = Pir—1y/2(u)n2(u) + Q3 /2(u)
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How to iterate to next order



Quantisation +result for L=3



Higher L matching numerics



L=2 gamma deformed



Method



Analytic data



Limit for fishnet



