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Fishnet from N=4 SYM

� � twisted 4D N = 4 Super Yang-Mills

� � twisted 4D N = 4 Super Yang-Mills

Deformation: SUSY partially/
completely broken

Non-unitary limit: � ! i1
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Bi-scalar limit [Gürdoğan, Kazakov ’15]
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❖   As a consequence, 

•  Gluons and gauginos decouple 

•  Gauge symmetry  flavour symmetry→

General case, see 
[Caetano, Gürdoğan, Kazakov ’16]



Lagrangian & Feynman Diagram
❖  Chiral, non-unitary theory in 4D 

 

[Gürdoğan, Kazakov ’15]
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Various classes of fishnet Feynman graphs are shown to feature a Yangian symmetry over the
conformal algebra. We explicitly discuss scalar graphs in three, four and six spacetime dimensions
as well as the inclusion of fermions in four dimensions. The Yangian symmetry results in novel
di↵erential equations for these families of largely unsolved Feynman integrals. Notably, the consid-
ered fishnet graphs in three and four dimensions dominate the correlation functions and scattering
amplitudes in specific double scaling limits of planar, �-twisted N = 4 super Yang–Mills or ABJM
theory. Consequently, the study of fishnet graphs allows us to get deep insights into the integrability
of the planar AdS/CFT correspondence.

INTRODUCTION

Feynman diagrams represent the main tool for the
study of complex physical phenomena—from fundamen-
tal interactions of elementary particles to diverse solid
state systems. In spite of the great progress in comput-
ing individual Feynman graphs with multiple loop inte-
grations, examples of exact all-loop results for important
physical quantities (such as amplitudes, correlators, etc.)
are rare in dimensions greater than two. Remarkably,
there exist certain types of planar graphs with a partic-
ularly regular structure, which may be calculable at any
loop order. Examples are the regular tilings of the two-
dimensional plane. These diagrams become accessible
due to their integrability properties, in close analogy to
the quantum integrable one-dimensional Heisenberg spin
chains. Apart from providing new, powerful methods for
the computation of large classes of particular Feynman
graphs, these observations reveal the interplay between
various physical systems and a rich variety of mathemat-
ical aspects related to quantum integrability.

A prime example in the above class of Feynman graphs
are scalar fishnets in four dimensions, built from four-
point vertices connected by massless propagators (cf.
Fig. 1). These represent one of the three regular tilings
of the Euclidean plane and, except for the simplest ex-
ample, solving this class of Feynman integrals for generic
external parameters is an open problem. On the other
hand, these square fishnet graphs are subject to out-
standing properties: Firstly, they feature a (dual) confor-
mal Lie algebra symmetry, which makes it natural to ex-
press them using conformal cross ratios. They are finite,
i.e. free of IR or UV divergencies, such that their confor-
mal symmetry is unbroken for generic external kinemat-
ics. Moreover, already in 1980 A. Zamolodchikov demon-
strated that scalar fishnet graphs can be interpreted as

FIG. 1. Example of a conformal scalar fishnet Feynman
graph in four dimensions. Filled blobs denote loop integra-
tions, white blobs represent external points xk.

integrable vertex models [1]. Furthermore, in the planar
limit fishnet graphs appear to dominate physical quanti-
ties, such as scattering amplitudes and correlators, of the
bi-scalar CFT recently found by Ö. Gürdogan and one of
the authors [2] as a specific double-scaling limit of the in-
tegrable �-twisted N = 4 SYM theory. This non-unitary
bi-scalar CFT is defined by the Lagrangian

L� = NcTr
�
@µ�†

1@µ�1 + @µ�†
2@µ�2 + ⇠2 �†

1�
†
2�1�2

�
. (1)

Its basic physical quantities (anomalous dimensions, cor-
relation functions etc.) are determined by a very limited
number of Feynman graphs at each loop order and e�-
ciently calculable via integrability [3, 4].
In this letter we add a further remarkable property to

the above list of features of fishnet graphs. We demon-
strate that their conformal symmetry extends to a non-
local Yangian symmetry. This symmetry yields novel dif-
ferential constraint equations for this class of Feynman
integrals.
A single scalar fishnet graph of the above type repre-

sents a single-trace correlator of the bi-scalar theory

K(x1, . . . , xn) = hTr[�1(x1) . . .�n(xn)]i. (2)

Here �k 2 {�1,�2,�
†
1,�

†
2} and xi is the spacetime co-

ordinate of the field �i. Importantly, via the relation

❖ 1-1 correspondence: correlator and fishnet Feynman diagram

K(x1, . . . , xn) = hTr[�1(x1) . . .�n(xn)]i.
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Z
ddx ,

Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
s

d4x

I Propagator j k : 1
x2

jk
©

1
(xj≠xk)2

e.g.

Mostly unsolved, only cross known [Ussyukina ’93
Davydychev ]: =

s d4x0
x2

10x2
20x2

30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .

Florian Loebbert: Yangian Symmetry for Fishnet Feynman Graphs 1 / 13
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Why Fishnet?
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❖   Planar N=4 SYM is integrable, but 

• Integrability is a bit mysterious 

• “Bootstrap” approach: S-matrix->QSC, Hexagon

❖   Fishnet  

• Integrability is proven 

• Use integrability techniques to shed light on N=4



Continuum Limit & Holography

� ! 0
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❖   Lessons from the AdS/CFT dictionary: 

•   Coupling & curvature:  

•   Extremal twisting process: 

•   String in highly curved AdS? 

❖   How to study the holographic dual? 

•    Starting point: sum over planar Feynman diagrams 

•    String sigma model description

 [’t Hooft ’74]

� = Ncg
2
YM = R4

AdS/`
4
s
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❖  When the size of fishnet graphs size become large 

• Integrable 

• Large size limit: 

•  Thermodynamical scaling 

• Critical coupling: graphs become dense, continuum limit

Large Fishnet 

L, T ! 1
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Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
s

d4x

I Propagator j k : 1
x2

jk
©

1
(xj≠xk)2

e.g.

Mostly unsolved, only cross known [Ussyukina ’93
Davydychev ]: =

s d4x0
x2

10x2
20x2

30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .
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Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
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d4x

I Propagator j k : 1
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Mostly unsolved, only cross known [
Ussyukina ’93
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s d4x0
x2
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30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .
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<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

logZL,T = �LT log g2cr, gcr =
�(3/4)p
⇡�(5/4)

' 0.76
<latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vpAocjEANvTrQwCdupMmMTlbuX8="></latexit><latexit sha1_base64="vpAocjEANvTrQwCdupMmMTlbuX8="></latexit><latexit sha1_base64="MpMS80S9GXEKxmUfCvrR6rugUW8="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit><latexit sha1_base64="BvdHDoK1ZC7ejU1vBJY7q8sE4/U="></latexit>

 [Zamolodchikov ’80]
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[Gromov,Kazakov,Korchemsky,Negro,Sizov’17]

[Chicherin,Kazakov,Loebbert,Muller,DLZ’16]

 [Isaev ’03]



❖  Large fishnet as an integrable lattice system 

• Propagator  

• Transfer matrix : 

•  Thermodynamical scaling: 

Zamolodchikov’s Wisdom

7



❖  How to derive & solve such functional equations? 

• Thermodynamical scaling: “inversion trick” follows from star-triangle  

• Solution: iteration 

•  steps + normalization gives the answer 

• To get , use integral representation of 

∞

gcr log Γ

Zamolodchikov’s Wisdom II

8

Details in my thesis [DLZ ’19]



Fishnet from 2pt Function

9

❖  Probe: scaling dimension of BMN vacuum operator �(tr�L
1 )

<latexit sha1_base64="VEFNNtMFzJOUOLxSz+jXSut4kMc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQL2FGBD0G9eDBQwSzQCaGnk5N0qRnobtGDEPAi7/ixYMiXv0Jb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdJQoDlUeyUg1PKZBihCqKFBCI1bAAk9C3etfjPz6PSgtovAWBzG0AtYNhS84QyO183vuJUhkRRfhAVNUQ+rGPdF27q6P2vmCXbLHoPPEmZICmaLSzn+5nYgnAYTIJdO66dgxtlKmUHAJw5ybaIgZ77MuNA0NWQC6lY5/GNJDo3SoHylTIdKx+nsiZYHWg8AznQHDnp71RuJ/XjNB/6yVijBOEEI+WeQnkmJER4HQjlDAUQ4MYVwJcyvlPaYYRxNbzoTgzL48T2rHJccuOTcnhfL5NI4s2ScHpEgcckrK5IpUSJVw8kieySt5s56sF+vd+pi0ZqzpzC75A+vzBzyOlzw=</latexit><latexit sha1_base64="VEFNNtMFzJOUOLxSz+jXSut4kMc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQL2FGBD0G9eDBQwSzQCaGnk5N0qRnobtGDEPAi7/ixYMiXv0Jb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdJQoDlUeyUg1PKZBihCqKFBCI1bAAk9C3etfjPz6PSgtovAWBzG0AtYNhS84QyO183vuJUhkRRfhAVNUQ+rGPdF27q6P2vmCXbLHoPPEmZICmaLSzn+5nYgnAYTIJdO66dgxtlKmUHAJw5ybaIgZ77MuNA0NWQC6lY5/GNJDo3SoHylTIdKx+nsiZYHWg8AznQHDnp71RuJ/XjNB/6yVijBOEEI+WeQnkmJER4HQjlDAUQ4MYVwJcyvlPaYYRxNbzoTgzL48T2rHJccuOTcnhfL5NI4s2ScHpEgcckrK5IpUSJVw8kieySt5s56sF+vd+pi0ZqzpzC75A+vzBzyOlzw=</latexit><latexit sha1_base64="VEFNNtMFzJOUOLxSz+jXSut4kMc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQL2FGBD0G9eDBQwSzQCaGnk5N0qRnobtGDEPAi7/ixYMiXv0Jb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdJQoDlUeyUg1PKZBihCqKFBCI1bAAk9C3etfjPz6PSgtovAWBzG0AtYNhS84QyO183vuJUhkRRfhAVNUQ+rGPdF27q6P2vmCXbLHoPPEmZICmaLSzn+5nYgnAYTIJdO66dgxtlKmUHAJw5ybaIgZ77MuNA0NWQC6lY5/GNJDo3SoHylTIdKx+nsiZYHWg8AznQHDnp71RuJ/XjNB/6yVijBOEEI+WeQnkmJER4HQjlDAUQ4MYVwJcyvlPaYYRxNbzoTgzL48T2rHJccuOTcnhfL5NI4s2ScHpEgcckrK5IpUSJVw8kieySt5s56sF+vd+pi0ZqzpzC75A+vzBzyOlzw=</latexit><latexit sha1_base64="VEFNNtMFzJOUOLxSz+jXSut4kMc=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQL2FGBD0G9eDBQwSzQCaGnk5N0qRnobtGDEPAi7/ixYMiXv0Jb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZhcWl5JbuaW1vf2NzKb+/UdJQoDlUeyUg1PKZBihCqKFBCI1bAAk9C3etfjPz6PSgtovAWBzG0AtYNhS84QyO183vuJUhkRRfhAVNUQ+rGPdF27q6P2vmCXbLHoPPEmZICmaLSzn+5nYgnAYTIJdO66dgxtlKmUHAJw5ybaIgZ77MuNA0NWQC6lY5/GNJDo3SoHylTIdKx+nsiZYHWg8AznQHDnp71RuJ/XjNB/6yVijBOEEI+WeQnkmJER4HQjlDAUQ4MYVwJcyvlPaYYRxNbzoTgzL48T2rHJccuOTcnhfL5NI4s2ScHpEgcckrK5IpUSJVw8kieySt5s56sF+vd+pi0ZqzpzC75A+vzBzyOlzw=</latexit>

� = L+ �
<latexit sha1_base64="znlMd2qiJFQaon7gsSTdqikOPMU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0UQhJKIoBehqAcPHirYD2hCmWw37dLdJOxuhBDqX/HiQRGv/hBv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlpeWV1bL22UN7e2d3btvf2WilNJaJPEPJadABTlLKJNzTSnnURSEAGn7WB0PfHbj1QqFkcPOkuoL2AQsZAR0Ebq2RXvhnIN+BLf4RPsDUAI6NlVp+ZMgReJW5AqKtDo2V9ePyapoJEmHJTquk6i/RykZoTTcdlLFU2AjGBAu4ZGIKjy8+nxY3xklD4OY2kq0niq/p7IQSiVicB0CtBDNe9NxP+8bqrDCz9nUZJqGpHZojDlWMd4kgTuM0mJ5pkhQCQzt2IyBAlEm7zKJgR3/uVF0jqtuU7NvT+r1q+KOEroAB2iY+Sic1RHt6iBmoigDD2jV/RmPVkv1rv1MWtdsoqZCvoD6/MHUwuTQg==</latexit><latexit sha1_base64="znlMd2qiJFQaon7gsSTdqikOPMU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0UQhJKIoBehqAcPHirYD2hCmWw37dLdJOxuhBDqX/HiQRGv/hBv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlpeWV1bL22UN7e2d3btvf2WilNJaJPEPJadABTlLKJNzTSnnURSEAGn7WB0PfHbj1QqFkcPOkuoL2AQsZAR0Ebq2RXvhnIN+BLf4RPsDUAI6NlVp+ZMgReJW5AqKtDo2V9ePyapoJEmHJTquk6i/RykZoTTcdlLFU2AjGBAu4ZGIKjy8+nxY3xklD4OY2kq0niq/p7IQSiVicB0CtBDNe9NxP+8bqrDCz9nUZJqGpHZojDlWMd4kgTuM0mJ5pkhQCQzt2IyBAlEm7zKJgR3/uVF0jqtuU7NvT+r1q+KOEroAB2iY+Sic1RHt6iBmoigDD2jV/RmPVkv1rv1MWtdsoqZCvoD6/MHUwuTQg==</latexit><latexit sha1_base64="znlMd2qiJFQaon7gsSTdqikOPMU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0UQhJKIoBehqAcPHirYD2hCmWw37dLdJOxuhBDqX/HiQRGv/hBv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlpeWV1bL22UN7e2d3btvf2WilNJaJPEPJadABTlLKJNzTSnnURSEAGn7WB0PfHbj1QqFkcPOkuoL2AQsZAR0Ebq2RXvhnIN+BLf4RPsDUAI6NlVp+ZMgReJW5AqKtDo2V9ePyapoJEmHJTquk6i/RykZoTTcdlLFU2AjGBAu4ZGIKjy8+nxY3xklD4OY2kq0niq/p7IQSiVicB0CtBDNe9NxP+8bqrDCz9nUZJqGpHZojDlWMd4kgTuM0mJ5pkhQCQzt2IyBAlEm7zKJgR3/uVF0jqtuU7NvT+r1q+KOEroAB2iY+Sic1RHt6iBmoigDD2jV/RmPVkv1rv1MWtdsoqZCvoD6/MHUwuTQg==</latexit><latexit sha1_base64="znlMd2qiJFQaon7gsSTdqikOPMU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0UQhJKIoBehqAcPHirYD2hCmWw37dLdJOxuhBDqX/HiQRGv/hBv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlpeWV1bL22UN7e2d3btvf2WilNJaJPEPJadABTlLKJNzTSnnURSEAGn7WB0PfHbj1QqFkcPOkuoL2AQsZAR0Ebq2RXvhnIN+BLf4RPsDUAI6NlVp+ZMgReJW5AqKtDo2V9ePyapoJEmHJTquk6i/RykZoTTcdlLFU2AjGBAu4ZGIKjy8+nxY3xklD4OY2kq0niq/p7IQSiVicB0CtBDNe9NxP+8bqrDCz9nUZJqGpHZojDlWMd4kgTuM0mJ5pkhQCQzt2IyBAlEm7zKJgR3/uVF0jqtuU7NvT+r1q+KOEroAB2iY+Sic1RHt6iBmoigDD2jV/RmPVkv1rv1MWtdsoqZCvoD6/MHUwuTQg==</latexit>

Protected until the wrapping order

❖ Perturbative Analysis: wheel diagrams

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

O(gL)
<latexit sha1_base64="HwrWmgLtwBnNE9kmHFeJnl0DN38=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQkBS8eBCvYD2jXkk2zbWw2WZKsUJb+By8eFPHq//HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqmShCG0RyqdoB1pQzQRuGGU7bsaI4CjhtBaOrqd96okozKe7NOKZ+hAeChYxgY6XmbXnwcHPaK5bcijsDWiZeRkqQod4rfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m1E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPBTJuLEUEHmi8KEIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYbgLb68TJpnFc+teHfVUu0yiyMPR3AMZfDgHGpwDXVoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifP3yGjmM=</latexit><latexit sha1_base64="HwrWmgLtwBnNE9kmHFeJnl0DN38=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQkBS8eBCvYD2jXkk2zbWw2WZKsUJb+By8eFPHq//HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqmShCG0RyqdoB1pQzQRuGGU7bsaI4CjhtBaOrqd96okozKe7NOKZ+hAeChYxgY6XmbXnwcHPaK5bcijsDWiZeRkqQod4rfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m1E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPBTJuLEUEHmi8KEIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYbgLb68TJpnFc+teHfVUu0yiyMPR3AMZfDgHGpwDXVoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifP3yGjmM=</latexit><latexit sha1_base64="HwrWmgLtwBnNE9kmHFeJnl0DN38=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQkBS8eBCvYD2jXkk2zbWw2WZKsUJb+By8eFPHq//HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqmShCG0RyqdoB1pQzQRuGGU7bsaI4CjhtBaOrqd96okozKe7NOKZ+hAeChYxgY6XmbXnwcHPaK5bcijsDWiZeRkqQod4rfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m1E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPBTJuLEUEHmi8KEIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYbgLb68TJpnFc+teHfVUu0yiyMPR3AMZfDgHGpwDXVoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifP3yGjmM=</latexit><latexit sha1_base64="HwrWmgLtwBnNE9kmHFeJnl0DN38=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQkBS8eBCvYD2jXkk2zbWw2WZKsUJb+By8eFPHq//HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2hqmShCG0RyqdoB1pQzQRuGGU7bsaI4CjhtBaOrqd96okozKe7NOKZ+hAeChYxgY6XmbXnwcHPaK5bcijsDWiZeRkqQod4rfnX7kiQRFYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUsFjqj209m1E3RilT4KpbIlDJqpvydSHGk9jgLbGWEz1IveVPzP6yQmvPBTJuLEUEHmi8KEIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYbgLb68TJpnFc+teHfVUu0yiyMPR3AMZfDgHGpwDXVoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifP3yGjmM=</latexit>

O(g2L)
<latexit sha1_base64="c2glmzk9zrMe32c+ghp+LX5Ew1I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQkBS8eBCvYD2nXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyupn7riSrNInlvxjH1BR5IFjKCjZUebsuDx7R6MzntFUtuxZ0BLRMvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbwBJ1YpY/CSNmSBs3U3xMpFlqPRWA7BTZDvehNxf+8TmLCCz9lMk4MlWS+KEw4MhGafo/6TFFi+NgSTBSztyIyxAoTYzMq2BC8xZeXSbNa8dyKd3dWql1mceThCI6hDB6cQw2uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALYbj6s=</latexit><latexit sha1_base64="c2glmzk9zrMe32c+ghp+LX5Ew1I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQkBS8eBCvYD2nXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyupn7riSrNInlvxjH1BR5IFjKCjZUebsuDx7R6MzntFUtuxZ0BLRMvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbwBJ1YpY/CSNmSBs3U3xMpFlqPRWA7BTZDvehNxf+8TmLCCz9lMk4MlWS+KEw4MhGafo/6TFFi+NgSTBSztyIyxAoTYzMq2BC8xZeXSbNa8dyKd3dWql1mceThCI6hDB6cQw2uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALYbj6s=</latexit><latexit sha1_base64="c2glmzk9zrMe32c+ghp+LX5Ew1I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQkBS8eBCvYD2nXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyupn7riSrNInlvxjH1BR5IFjKCjZUebsuDx7R6MzntFUtuxZ0BLRMvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbwBJ1YpY/CSNmSBs3U3xMpFlqPRWA7BTZDvehNxf+8TmLCCz9lMk4MlWS+KEw4MhGafo/6TFFi+NgSTBSztyIyxAoTYzMq2BC8xZeXSbNa8dyKd3dWql1mceThCI6hDB6cQw2uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALYbj6s=</latexit><latexit sha1_base64="c2glmzk9zrMe32c+ghp+LX5Ew1I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQkBS8eBCvYD2nXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyupn7riSrNInlvxjH1BR5IFjKCjZUebsuDx7R6MzntFUtuxZ0BLRMvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbwBJ1YpY/CSNmSBs3U3xMpFlqPRWA7BTZDvehNxf+8TmLCCz9lMk4MlWS+KEw4MhGafo/6TFFi+NgSTBSztyIyxAoTYzMq2BC8xZeXSbNa8dyKd3dWql1mceThCI6hDB6cQw2uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+ALYbj6s=</latexit>

Z = 1 +
<latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="92d4P0Th59k/0yqZEr8k6o1i2yA=">AAAB5nicbZBLSwMxFIXv+Ky1anXrJlgEQSgzbnQjCG5cVrAP2g4lk95pQzOZIbkjlNJ/4caFIv4kd/4b08dCWw8EPs5JyL0nypS05Pvf3sbm1vbObmGvuF86ODwqH5caNs2NwLpIVWpaEbeopMY6SVLYygzyJFLYjEb3s7z5jMbKVD/ROMMw4QMtYyk4OavdZrcsYF12yXrlil/152LrECyhAkvVeuWvbj8VeYKahOLWdgI/o3DCDUmhcFrs5hYzLkZ8gB2Hmidow8l84ik7d06fxalxRxObu79fTHhi7TiJ3M2E09CuZjPzv6yTU3wTTqTOckItFh/FuWKUstn6rC8NClJjB1wY6WZlYsgNF+RKKroSgtWV16FxVQ38avDoQwFO4QwuIIBruIMHqEEdBGh4gTd496z36n0s6trwlr2dwB95nz9No41x</latexit><latexit sha1_base64="92d4P0Th59k/0yqZEr8k6o1i2yA=">AAAB5nicbZBLSwMxFIXv+Ky1anXrJlgEQSgzbnQjCG5cVrAP2g4lk95pQzOZIbkjlNJ/4caFIv4kd/4b08dCWw8EPs5JyL0nypS05Pvf3sbm1vbObmGvuF86ODwqH5caNs2NwLpIVWpaEbeopMY6SVLYygzyJFLYjEb3s7z5jMbKVD/ROMMw4QMtYyk4OavdZrcsYF12yXrlil/152LrECyhAkvVeuWvbj8VeYKahOLWdgI/o3DCDUmhcFrs5hYzLkZ8gB2Hmidow8l84ik7d06fxalxRxObu79fTHhi7TiJ3M2E09CuZjPzv6yTU3wTTqTOckItFh/FuWKUstn6rC8NClJjB1wY6WZlYsgNF+RKKroSgtWV16FxVQ38avDoQwFO4QwuIIBruIMHqEEdBGh4gTd496z36n0s6trwlr2dwB95nz9No41x</latexit><latexit sha1_base64="M3CJmRm0G3nraI3FUKkMvaXKrDQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEriRS9C0YvHCvaDtqFstpt26WYTdidCCf0XXjwo4tV/481/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4Kxnczv/XEtRGxesRJwv2IDpUIBaNopU6H3BCP9MgF6ZcrbtWdg6wSLycVyFHvl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SpqXVc+teg9upXabx1GEEziFc/DgCmpwD3VoAAMFz/AKb45xXpx352PRWnDymWP4A+fzB3Nmjsk=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit><latexit sha1_base64="0XZVxz/uNR1xGstvLBLZ2zwZ+Q4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE0ItQ9OKxgv2gbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1gdDf1m0+oNI/loxkn6Ed0IHnIGTVWarfJDfFIl5yTXqnsVtwZyDLxclKGHLVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJo2LiudWvIfLcvU2j6MAx3ACZ+DBFVThHmpQBwYSnuEV3hztvDjvzse8dcXJZ47gD5zPH3Smjs0=</latexit>

logZ ⇠ �� ⇥ log⇤UV ⇠ �� ⇥R
<latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit><latexit sha1_base64="remWblE9rnsjWK2zmx/QIcb31FQ=">AAACLnicbVBNS8NAEN34WetX1aOXxSJ4sSQi6LEoggcPVUxbbEKYbLft0t0k7G6EEvqLvPhX9CCoiFd/hts2B207sPB4783MzgsTzpS27XdrYXFpeWW1sFZc39jc2i7t7NZVnEpCXRLzWDZDUJSziLqaaU6biaQgQk4bYf9ypDceqVQsju71IKG+gG7EOoyANlRQuvJ43MUP2FNM4GPsdUEIwJ5mgio81rwbM60NQebWh/Nt+C4ole2KPS48C5wclFFetaD06rVjkgoaacJBqZZjJ9rPQGpGOB0WvVTRBEgfurRlYARmj5+Nzx3iQ8O0cSeW5kUaj9m/HRkIpQYiNE4BuqemtRE5T2ulunPuZyxKUk0jMlnUSTnWMR5lh9tMUqL5wAAgkpm/YtIDCUSbhIsmBGf65FlQP6k4dsW5PS1XL/I4CmgfHaAj5KAzVEXXqIZcRNATekEf6NN6tt6sL+t7Yl2w8p499K+sn19Wy6bi</latexit>

wave-function 
renormalization



Wheel Diagrams I: Closed Channel

10

❖  Viewpoint I: graph-building operator

❖ Graph-building operator: integral operator with kernel 

❖ Technical difficulties: L=2, OK, L>2, hard 
 non-compact spin chain; need SOV for conformal group?

[Gromov,Kazakov,Korchemsky,Negro,Sizov ’17] [Grabner,Gromov,Kazakov,Korchemsky ’17]
[Kazakov,Olivucci ’17] [Gromov,Sever ’19 ’20]



Wheel Diagrams II: Open Channel

11

❖  Viewpoint II: “mirror” graph-building operator

❖ Graph-building operator: “slicing” the wheel

Time

❖  Magnon: integrability description 

•   Magnon:        propagators   

•   Effective 1D problem: 

•  “Space”: radial direction 

•  “Time”: angular direction 

•   Time evolution: repeated action of 

�1

<latexit sha1_base64="TW1xtI4SPr7nMFdk+nvUmsrds+A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lql+rXt7XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz3ejus=</latexit>

RD ⇠= R+ ⇥ SD�1

<latexit sha1_base64="wl6mX74h/DpgQXp0pBANQ7pQU1s=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQ1DIjFV0W7cJlffQBnemQSdM2NJMMSUYoQ3/Cjb/ixoUibgV3/o3pA9TqgQuHc+7l3nvCmFGlHefTyszNLywuZZdzK6tr6xv25lZNiURiUsWCCdkIkSKMclLVVDPSiCVBUchIPexfjPz6HZGKCn6rBzHxI9TltEMx0kYK7EMvQroXhun1sFX2sOBd+K0EB56mEVHwppWWj9xhYOedgjMG/EvcKcmDKSqB/eG1BU4iwjVmSKmm68TaT5HUFDMyzHmJIjHCfdQlTUM5Msv8dPzVEO4ZpQ07QpriGo7VnxMpipQaRKHpHF2sZr2R+J/XTHTnzE8pjxNNOJ4s6iQMagFHEcE2lQRrNjAEYUnNrRD3kERYmyBzJgR39uW/pHZccIuFk6tivnQ+jSMLdsAu2AcuOAUlcAkqoAowuAeP4Bm8WA/Wk/VqvU1aM9Z0Zhv8gvX+BSbMnss=</latexit>

�N

<latexit sha1_base64="PhS4nM7ZUfB3PvocxgtltW38wNs=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKexKRI9BD3qSCOYByRJ6J5NkyMzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcacaeN5305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRaoWoKWeS1g0znLZiRVGEnDbD0fXUbz5RpVkkH8w4poHAgWR9RtBYqdW5QSGwe9ctlryyN4O7TPyMlCBDrVv86vQikggqDeGoddv3YhOkqAwjnE4KnUTTGMkIB7RtqURBdZDO7p24J1bpuf1I2ZLGnam/J1IUWo9FaDsFmqFe9Kbif147Mf3LIGUyTgyVZL6on3DXRO70ebfHFCWGjy1Bopi91SVDVEiMjahgQ/AXX14mjbOyXymf31dK1assjjwcwTGcgg8XUIVbqEEdCHB4hld4cx6dF+fd+Zi35pxs5hD+wPn8Aa2Bj74=</latexit>

r = e�

<latexit sha1_base64="qv6rP21ZFYAnt+M8+xsbJfbHx98=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBPOAZBNmJ51kyOzsMjOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4f1HWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwup36jUdUmkfywYxj9EM6kLzPGTVW6ihyTbCTtjUfhHTSLZbcsjsDWSZeRkqQodotfrV7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZiA6wZamkIWo/nV09ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/zWonpX/kpl3FiULL5on4iiInINALS4wqZEWNLKFPc3krYkCrKjA2qYEPwFl9eJvWzsndevrg/L1VusjjycATHcAoeXEIF7qAKNWCg4Ble4c15cl6cd+dj3ppzsplD+APn8wfoApIl</latexit>

More details,  
see my IGST 2020 talk



Thermodynamical Bethe Ansatz

❖  Integrability allows us to compute the free energy

� = L� 2
X

a�1

Z
du

2⇡
Ya(u)�

X

a�1

Z
du

2⇡
Y2

a(u)� 2
X

a,b�1

Z
dudv

(2⇡)2
Ya(u)Ka,b(u, v)Yb(v) +O(Y3)

<latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit>

� = L� 2
X

a�1

Z
du

2⇡
Ya(u)�

X

a�1

Z
du

2⇡
Y2

a(u)� 2
X

a,b�1

Z
dudv

(2⇡)2
Ya(u)Ka,b(u, v)Yb(v) +O(Y3)

<latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit><latexit sha1_base64="uu6lNutuSGD7wzq0BamEPHUKzCc="></latexit>

❖  Physical meaning: 

•   Coupling constant  fugacity 

•   Boltzmann weight:  

•   Magnon energy: 

•   Scattering kernel:

↔

Ya(u) = a2eLh�L✏a(u) ⌧ 1
<latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit>

h = log g2
<latexit sha1_base64="znazpGEzMEEn8wpVL/lunkwuKys=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBel4MVjBfsBTSyb7SZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G49uZ332iSjMpHswkpUGCY8EiRrCxkj9C18jnMkbxY2NQrbl1dw60SryC1KBAa1D98oeSZAkVhnCsdd9zUxPkWBlGOJ1W/EzTFJMxjmnfUoETqoN8fvMUnVlliCKpbAmD5urviRwnWk+S0HYm2Iz0sjcT//P6mYmugpyJNDNUkMWiKOPISDQLAA2ZosTwiSWYKGZvRWSEFSbGxlSxIXjLL6+STqPuuXXv/qLWvCniKMMJnMI5eHAJTbiDFrSBQArP8ApvTua8OO/Ox6K15BQzx/AHzucPTmyQiA==</latexit><latexit sha1_base64="znazpGEzMEEn8wpVL/lunkwuKys=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBel4MVjBfsBTSyb7SZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G49uZ332iSjMpHswkpUGCY8EiRrCxkj9C18jnMkbxY2NQrbl1dw60SryC1KBAa1D98oeSZAkVhnCsdd9zUxPkWBlGOJ1W/EzTFJMxjmnfUoETqoN8fvMUnVlliCKpbAmD5urviRwnWk+S0HYm2Iz0sjcT//P6mYmugpyJNDNUkMWiKOPISDQLAA2ZosTwiSWYKGZvRWSEFSbGxlSxIXjLL6+STqPuuXXv/qLWvCniKMMJnMI5eHAJTbiDFrSBQArP8ApvTua8OO/Ox6K15BQzx/AHzucPTmyQiA==</latexit><latexit sha1_base64="znazpGEzMEEn8wpVL/lunkwuKys=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBel4MVjBfsBTSyb7SZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G49uZ332iSjMpHswkpUGCY8EiRrCxkj9C18jnMkbxY2NQrbl1dw60SryC1KBAa1D98oeSZAkVhnCsdd9zUxPkWBlGOJ1W/EzTFJMxjmnfUoETqoN8fvMUnVlliCKpbAmD5urviRwnWk+S0HYm2Iz0sjcT//P6mYmugpyJNDNUkMWiKOPISDQLAA2ZosTwiSWYKGZvRWSEFSbGxlSxIXjLL6+STqPuuXXv/qLWvCniKMMJnMI5eHAJTbiDFrSBQArP8ApvTua8OO/Ox6K15BQzx/AHzucPTmyQiA==</latexit><latexit sha1_base64="znazpGEzMEEn8wpVL/lunkwuKys=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBel4MVjBfsBTSyb7SZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G49uZ332iSjMpHswkpUGCY8EiRrCxkj9C18jnMkbxY2NQrbl1dw60SryC1KBAa1D98oeSZAkVhnCsdd9zUxPkWBlGOJ1W/EzTFJMxjmnfUoETqoN8fvMUnVlliCKpbAmD5urviRwnWk+S0HYm2Iz0sjcT//P6mYmugpyJNDNUkMWiKOPISDQLAA2ZosTwiSWYKGZvRWSEFSbGxlSxIXjLL6+STqPuuXXv/qLWvCniKMMJnMI5eHAJTbiDFrSBQArP8ApvTua8OO/Ox6K15BQzx/AHzucPTmyQiA==</latexit>

✏a(u) = log(u2 + a2/4)
<latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit>

Ka,b(u, v) =
1

i

@

@u
log Sa,b(u, v)

<latexit sha1_base64="o/SHyVQ8UlFJcCGA/66OiIVtV0A="></latexit><latexit sha1_base64="o/SHyVQ8UlFJcCGA/66OiIVtV0A="></latexit><latexit sha1_base64="o/SHyVQ8UlFJcCGA/66OiIVtV0A="></latexit><latexit sha1_base64="o/SHyVQ8UlFJcCGA/66OiIVtV0A="></latexit>
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❖  Eigenfunction of ΓN=2 ⇒ 𝕊a,b

[Derkachov,Kazakov,Olivucci ’18]
[Basso,Ferrando,Kazakov,DLZ ’19]

[Derkachov,Olivucci ’19’20’21]
[Derkachov,Ferrando,Olivucci ’21]



Large Fishnet from TBA

❖  Boltzmann weight is non-vanishing on a finite support

Ya(u) = a2eLh�L✏a(u) ⌧ 1
<latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit><latexit sha1_base64="WbHzNWSqw10nX6gtkbUbfgYYuas=">AAACHnicbVDLSgNBEJz1bXxFPXppDIIeDLui6EUJePGQg4LxQTaG2UmvGTL7YKZXDEu+xIu/4sWDIoIn/RsnMQdfBQNFVTU9XUGqpCHX/XBGRsfGJyanpgszs3PzC8XFpTOTZFpgTSQq0RcBN6hkjDWSpPAi1cijQOF50Dns++c3qI1M4lPqptiI+HUsQyk4WalZ3PEJbykI88tek69nG7AP/GoL8CqvQhs2oQo+pkYqm+3bPfCVAq9ZLLlldwD4S7whKbEhjpvFN7+ViCzCmITixtQ9N6VGzjVJobBX8DODKRcdfo11S2MeoWnkg/N6sGaVFoSJti8mGKjfJ3IeGdONApuMOLXNb68v/ufVMwr3GrmM04wwFl+LwkwBJdDvClpSoyDVtYQLLe1fQbS55oJsowVbgvf75L/kbKvsuWXvZLtUORjWMcVW2CpbZx7bZRV2xI5ZjQl2xx7YE3t27p1H58V5/YqOOMOZZfYDzvsnHKGf8A==</latexit>

✏a(u) = log(u2 + a2/4)
<latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit><latexit sha1_base64="WRXeLA74jRFK6ZpByhJ6/BnCnfI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgJAhxNwS0UQI2lhHMBbKbMDuZJENmZ5e5CGFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ8wcxo1I5zreVWVvf2NzKbud2dvf2D+zDo6aMtMCkgSMWiXaAJGGUk4aiipF2LAgKA0ZawfhmVm89ECFpxO/VJCZ+iIacDihGylg9O++RWFJmEBV1CV5Bj0VDWNTdCjyDqFs5r5Z6dsEpO3PBVXBTKIBU9Z795fUjrEPCFWZIyo7rxMpPkFAUMzLNeVqSGOExGpKOQY5CIv1kfssUnhqnDweRMI8rOHd/TyQolHISBqYzRGokl2sz879aR6vBpZ9QHmtFOF4sGmgGVQRnwcA+FQQrNjGAsKDmrxCPkEBYmfhyJgR3+eRVaFbKrlN276qF2nUaRxacgDwoAhdcgBq4BXXQABg8gmfwCt6sJ+vFerc+Fq0ZK505Bn9kff4Al8GYJw==</latexit>

•  L goes to infinity: the exponent must be positive! Smallest one (a = 1) 

•   Finite support:

) h > log ✏1(u = 0) = log 1/4
<latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit>

, g > 1/2
<latexit sha1_base64="S8R9wvEbN0fC98eRLuaHINq4uMg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSreBUGrELCxsIhgPiA5wt5m77Jkb+/YnVPCkca/YmOhiK0/w85/4ya5QhMfDDzem2Fmnp8IrsFxvq3Cyura+kZxs7S1vbO7Z+8ftHScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up335gSvNY3sM4YV5EQskDTgkYqW8f9W5ZAIqHQyBKxY84xDXsnlf7dtmpODPgZeLmpIxyNPr2V28Q0zRiEqggWnddJwEvIwo4FWxS6qWaJYSOSMi6hkoSMe1lswcm+NQoAxzEypQEPFN/T2Qk0noc+aYzIjDUi95U/M/rphBceRmXSQpM0vmiIBUYYjxNAw+4YhTE2BBCFTe3YjokilAwmZVMCO7iy8ukVa24TsW9uyjXa3kcRXSMTtAZctElqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wcAnZVU</latexit><latexit sha1_base64="S8R9wvEbN0fC98eRLuaHINq4uMg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSreBUGrELCxsIhgPiA5wt5m77Jkb+/YnVPCkca/YmOhiK0/w85/4ya5QhMfDDzem2Fmnp8IrsFxvq3Cyura+kZxs7S1vbO7Z+8ftHScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up335gSvNY3sM4YV5EQskDTgkYqW8f9W5ZAIqHQyBKxY84xDXsnlf7dtmpODPgZeLmpIxyNPr2V28Q0zRiEqggWnddJwEvIwo4FWxS6qWaJYSOSMi6hkoSMe1lswcm+NQoAxzEypQEPFN/T2Qk0noc+aYzIjDUi95U/M/rphBceRmXSQpM0vmiIBUYYjxNAw+4YhTE2BBCFTe3YjokilAwmZVMCO7iy8ukVa24TsW9uyjXa3kcRXSMTtAZctElqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wcAnZVU</latexit><latexit sha1_base64="S8R9wvEbN0fC98eRLuaHINq4uMg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSreBUGrELCxsIhgPiA5wt5m77Jkb+/YnVPCkca/YmOhiK0/w85/4ya5QhMfDDzem2Fmnp8IrsFxvq3Cyura+kZxs7S1vbO7Z+8ftHScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up335gSvNY3sM4YV5EQskDTgkYqW8f9W5ZAIqHQyBKxY84xDXsnlf7dtmpODPgZeLmpIxyNPr2V28Q0zRiEqggWnddJwEvIwo4FWxS6qWaJYSOSMi6hkoSMe1lswcm+NQoAxzEypQEPFN/T2Qk0noc+aYzIjDUi95U/M/rphBceRmXSQpM0vmiIBUYYjxNAw+4YhTE2BBCFTe3YjokilAwmZVMCO7iy8ukVa24TsW9uyjXa3kcRXSMTtAZctElqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wcAnZVU</latexit><latexit sha1_base64="S8R9wvEbN0fC98eRLuaHINq4uMg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSreBUGrELCxsIhgPiA5wt5m77Jkb+/YnVPCkca/YmOhiK0/w85/4ya5QhMfDDzem2Fmnp8IrsFxvq3Cyura+kZxs7S1vbO7Z+8ftHScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up335gSvNY3sM4YV5EQskDTgkYqW8f9W5ZAIqHQyBKxY84xDXsnlf7dtmpODPgZeLmpIxyNPr2V28Q0zRiEqggWnddJwEvIwo4FWxS6qWaJYSOSMi6hkoSMe1lswcm+NQoAxzEypQEPFN/T2Qk0noc+aYzIjDUi95U/M/rphBceRmXSQpM0vmiIBUYYjxNAw+4YhTE2BBCFTe3YjokilAwmZVMCO7iy8ukVa24TsW9uyjXa3kcRXSMTtAZctElqqMb1EBNRNEEPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wcAnZVU</latexit>

h� ✏a(u) � 0
<latexit sha1_base64="if1wvFbrhICs7+66seUkhTSCuao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSiKDLohuXFewDmlAm05t26GQSZyZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4c869zL0nSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41VZxKCg0a81i2A6KAMwENzTSHdiKBRAGHVjC8nvitB5CKxeJOjxLwI9IXLGSUaCN17YMBPsUeJIpx8ySV9AR7fbjHTtcuO1VnCrxI3JyUUY561/7yejFNIxCacqJUx3US7WdEakY5jEteqiAhdEj60DFUkAiUn00vGONjo/RwGEtTQuOp+nsiI5FSoygwnRHRAzXvTcT/vE6qw0s/YyJJNQg6+yhMOdYxnsSBe0wC1XxkCKGSmV0xHRBJqDahlUwI7vzJi6R5VnWdqnt7Xq5d5XEU0SE6QhXkogtUQzeojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPHwyLlVU=</latexit><latexit sha1_base64="if1wvFbrhICs7+66seUkhTSCuao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSiKDLohuXFewDmlAm05t26GQSZyZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4c869zL0nSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41VZxKCg0a81i2A6KAMwENzTSHdiKBRAGHVjC8nvitB5CKxeJOjxLwI9IXLGSUaCN17YMBPsUeJIpx8ySV9AR7fbjHTtcuO1VnCrxI3JyUUY561/7yejFNIxCacqJUx3US7WdEakY5jEteqiAhdEj60DFUkAiUn00vGONjo/RwGEtTQuOp+nsiI5FSoygwnRHRAzXvTcT/vE6qw0s/YyJJNQg6+yhMOdYxnsSBe0wC1XxkCKGSmV0xHRBJqDahlUwI7vzJi6R5VnWdqnt7Xq5d5XEU0SE6QhXkogtUQzeojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPHwyLlVU=</latexit><latexit sha1_base64="if1wvFbrhICs7+66seUkhTSCuao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSiKDLohuXFewDmlAm05t26GQSZyZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4c869zL0nSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41VZxKCg0a81i2A6KAMwENzTSHdiKBRAGHVjC8nvitB5CKxeJOjxLwI9IXLGSUaCN17YMBPsUeJIpx8ySV9AR7fbjHTtcuO1VnCrxI3JyUUY561/7yejFNIxCacqJUx3US7WdEakY5jEteqiAhdEj60DFUkAiUn00vGONjo/RwGEtTQuOp+nsiI5FSoygwnRHRAzXvTcT/vE6qw0s/YyJJNQg6+yhMOdYxnsSBe0wC1XxkCKGSmV0xHRBJqDahlUwI7vzJi6R5VnWdqnt7Xq5d5XEU0SE6QhXkogtUQzeojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPHwyLlVU=</latexit><latexit sha1_base64="if1wvFbrhICs7+66seUkhTSCuao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSiKDLohuXFewDmlAm05t26GQSZyZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4c869zL0nSDhT2nG+rcLS8srqWnG9tLG5tb1j7+41VZxKCg0a81i2A6KAMwENzTSHdiKBRAGHVjC8nvitB5CKxeJOjxLwI9IXLGSUaCN17YMBPsUeJIpx8ySV9AR7fbjHTtcuO1VnCrxI3JyUUY561/7yejFNIxCacqJUx3US7WdEakY5jEteqiAhdEj60DFUkAiUn00vGONjo/RwGEtTQuOp+nsiI5FSoygwnRHRAzXvTcT/vE6qw0s/YyJJNQg6+yhMOdYxnsSBe0wC1XxkCKGSmV0xHRBJqDahlUwI7vzJi6R5VnWdqnt7Xq5d5XEU0SE6QhXkogtUQzeojhqIokf0jF7Rm/VkvVjv1sestWDlM/voD6zPHwyLlVU=</latexit>
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❖  Fermi sea:  chemical potential    

                            > the “mass gap”
h = log g2 > the “mass gap”

<latexit sha1_base64="BK99C6hYNO60wKMn9Xj7OcK7eCA=">AAACDnicbVC7SgNBFJ2NrxhfUUubISFgFXaDoI0StLGMYB6QxGR2crMZMvtg5q4YlnyBjb9iY6GIrbWdf+PkUWjigQuHc+6dufe4kRQabfvbSq2srq1vpDczW9s7u3vZ/YOaDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou8OriV+/B6VFGNziKIK2z7xA9AVnaKROtjCg57QlQ496dyV6QVsID5jgAGi36zOtqcei3LiTzdtFewq6TJw5yZM5Kp3sV6sX8tiHALk0zzQdO8J2whQKLmGcacUaIsaHzIOmoQHzQbeT6TljWjBKj/ZDZSpAOlV/TyTM13rku6bTZzjQi95E/M9rxtg/ayciiGKEgM8+6seSYkgn2dCeUMBRjgxhXAmzK+UDphhHk2DGhOAsnrxMaqWiYxedm5N8+XIeR5ockRw5Jg45JWVyTSqkSjh5JM/klbxZT9aL9W59zFpT1nzmkPyB9fkDp8SanQ==</latexit><latexit sha1_base64="BK99C6hYNO60wKMn9Xj7OcK7eCA=">AAACDnicbVC7SgNBFJ2NrxhfUUubISFgFXaDoI0StLGMYB6QxGR2crMZMvtg5q4YlnyBjb9iY6GIrbWdf+PkUWjigQuHc+6dufe4kRQabfvbSq2srq1vpDczW9s7u3vZ/YOaDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou8OriV+/B6VFGNziKIK2z7xA9AVnaKROtjCg57QlQ496dyV6QVsID5jgAGi36zOtqcei3LiTzdtFewq6TJw5yZM5Kp3sV6sX8tiHALk0zzQdO8J2whQKLmGcacUaIsaHzIOmoQHzQbeT6TljWjBKj/ZDZSpAOlV/TyTM13rku6bTZzjQi95E/M9rxtg/ayciiGKEgM8+6seSYkgn2dCeUMBRjgxhXAmzK+UDphhHk2DGhOAsnrxMaqWiYxedm5N8+XIeR5ockRw5Jg45JWVyTSqkSjh5JM/klbxZT9aL9W59zFpT1nzmkPyB9fkDp8SanQ==</latexit><latexit sha1_base64="BK99C6hYNO60wKMn9Xj7OcK7eCA=">AAACDnicbVC7SgNBFJ2NrxhfUUubISFgFXaDoI0StLGMYB6QxGR2crMZMvtg5q4YlnyBjb9iY6GIrbWdf+PkUWjigQuHc+6dufe4kRQabfvbSq2srq1vpDczW9s7u3vZ/YOaDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou8OriV+/B6VFGNziKIK2z7xA9AVnaKROtjCg57QlQ496dyV6QVsID5jgAGi36zOtqcei3LiTzdtFewq6TJw5yZM5Kp3sV6sX8tiHALk0zzQdO8J2whQKLmGcacUaIsaHzIOmoQHzQbeT6TljWjBKj/ZDZSpAOlV/TyTM13rku6bTZzjQi95E/M9rxtg/ayciiGKEgM8+6seSYkgn2dCeUMBRjgxhXAmzK+UDphhHk2DGhOAsnrxMaqWiYxedm5N8+XIeR5ockRw5Jg45JWVyTSqkSjh5JM/klbxZT9aL9W59zFpT1nzmkPyB9fkDp8SanQ==</latexit><latexit sha1_base64="BK99C6hYNO60wKMn9Xj7OcK7eCA=">AAACDnicbVC7SgNBFJ2NrxhfUUubISFgFXaDoI0StLGMYB6QxGR2crMZMvtg5q4YlnyBjb9iY6GIrbWdf+PkUWjigQuHc+6dufe4kRQabfvbSq2srq1vpDczW9s7u3vZ/YOaDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou8OriV+/B6VFGNziKIK2z7xA9AVnaKROtjCg57QlQ496dyV6QVsID5jgAGi36zOtqcei3LiTzdtFewq6TJw5yZM5Kp3sV6sX8tiHALk0zzQdO8J2whQKLmGcacUaIsaHzIOmoQHzQbeT6TljWjBKj/ZDZSpAOlV/TyTM13rku6bTZzjQi95E/M9rxtg/ayciiGKEgM8+6seSYkgn2dCeUMBRjgxhXAmzK+UDphhHk2DGhOAsnrxMaqWiYxedm5N8+XIeR5ockRw5Jg45JWVyTSqkSjh5JM/klbxZT9aL9W59zFpT1nzmkPyB9fkDp8SanQ==</latexit>

) h > log ✏1(u = 0) = log 1/4
<latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit><latexit sha1_base64="xGq0NScBDoRp43fRbChrKrEDlRo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5pIQTctBTcuq9gHNKFMppNk6CQTZiZKCf0NN/6KGxeKuNSVf+O0zUJbD1w4nHMv997jJYxKZVnfRmFldW19o7hZ2tre2d0z9w86kqcCkzbmjIuehyRhNCZtRRUjvUQQFHmMdL3R1dTv3hMhKY/v1DghboSCmPoUI6WlgWk5tzQIFRKCP8AQNqDDeAAdkkjKtG/DSlq3TmF9rttntYFZtqrWDHCZ2DkpgxytgfnpDDlOIxIrzJCUfdtKlJshoShmZFJyUkkShEcoIH1NYxQR6WazzybwRCtD6HOhK1Zwpv6eyFAk5TjydGeEVCgXvan4n9dPlX/pZjROUkViPF/kpwwqDqcxwSEVBCs21gRhQfWtEIdIIKx0mCUdgr348jLpnFdtq2rf1MrNRh5HERyBY1ABNrgATXANWqANMHgEz+AVvBlPxovxbnzMWwtGPnMI/sD4+gE5JZ3Y</latexit>
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[Basso,Ferrando,Kazakov,DLZ ’19]



Large Scale Limit

❖  TBA linearises

•  Scattering Kernel: 

•   Renormalized chemical potential: C = h�
BZ

�B

du

2⇡
k(u)�(u)

<latexit sha1_base64="TKm5Nd8i/H2DeOF1Sx6remrG9fs="></latexit><latexit sha1_base64="TKm5Nd8i/H2DeOF1Sx6remrG9fs="></latexit><latexit sha1_base64="TKm5Nd8i/H2DeOF1Sx6remrG9fs="></latexit><latexit sha1_base64="TKm5Nd8i/H2DeOF1Sx6remrG9fs="></latexit>

K(u) = 2 (1 + iu) + 2 (1� iu) +
2

u2 + 1
<latexit sha1_base64="pa5yBnwIgnlbHfStg7IFbrT31lU="></latexit><latexit sha1_base64="pa5yBnwIgnlbHfStg7IFbrT31lU="></latexit><latexit sha1_base64="pa5yBnwIgnlbHfStg7IFbrT31lU="></latexit><latexit sha1_base64="pa5yBnwIgnlbHfStg7IFbrT31lU="></latexit>

�

L
= f(h) = 1�

Z B

�B

du

⇡
�(u)

<latexit sha1_base64="gcbmi9BDS4tJdv4lpYrqbxqmtio="></latexit><latexit sha1_base64="gcbmi9BDS4tJdv4lpYrqbxqmtio="></latexit><latexit sha1_base64="gcbmi9BDS4tJdv4lpYrqbxqmtio="></latexit><latexit sha1_base64="gcbmi9BDS4tJdv4lpYrqbxqmtio="></latexit>

�(u) = C � ✏(u) +

BZ

�B

dv

2⇡
K(u� v)�(v)

<latexit sha1_base64="0kSWJpDwGuSZLeDRKEdnM5sxdgs="></latexit><latexit sha1_base64="0kSWJpDwGuSZLeDRKEdnM5sxdgs="></latexit><latexit sha1_base64="0kSWJpDwGuSZLeDRKEdnM5sxdgs="></latexit><latexit sha1_base64="0kSWJpDwGuSZLeDRKEdnM5sxdgs="></latexit>

�(±B) = 0
<latexit sha1_base64="aZ+mj+19NM8SZghmn1WxXXq0v5Q=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCvZRdEfSiFL14rGA/oLuUbJptQ5PskmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NRJpghtkIQnqh1hTTmTtGGY4bSdKopFxGkrGt5O/dYjVZol8sGMUhoK3JcsZgQbK3XdUkAGrBKkAt2coivkdd2yV/VmQMvEz0kZctS77lfQS0gmqDSEY607vpeacIyVYYTTSTHINE0xGeI+7VgqsaA6HM8On6ATq/RQnChb0qCZ+ntijIXWIxHZToHNQC96U/E/r5OZ+DIcM5lmhkoyXxRnHJkETVNAPaYoMXxkCSaK2VsRGWCFibFZFW0I/uLLy6R5VvW9qn9/Xq5d53EU4AiOoQI+XEAN7qAODSCQwTO8wpvz5Lw4787HvHXFyWcO4Q+czx8dFJFm</latexit><latexit sha1_base64="aZ+mj+19NM8SZghmn1WxXXq0v5Q=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCvZRdEfSiFL14rGA/oLuUbJptQ5PskmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NRJpghtkIQnqh1hTTmTtGGY4bSdKopFxGkrGt5O/dYjVZol8sGMUhoK3JcsZgQbK3XdUkAGrBKkAt2coivkdd2yV/VmQMvEz0kZctS77lfQS0gmqDSEY607vpeacIyVYYTTSTHINE0xGeI+7VgqsaA6HM8On6ATq/RQnChb0qCZ+ntijIXWIxHZToHNQC96U/E/r5OZ+DIcM5lmhkoyXxRnHJkETVNAPaYoMXxkCSaK2VsRGWCFibFZFW0I/uLLy6R5VvW9qn9/Xq5d53EU4AiOoQI+XEAN7qAODSCQwTO8wpvz5Lw4787HvHXFyWcO4Q+czx8dFJFm</latexit><latexit sha1_base64="aZ+mj+19NM8SZghmn1WxXXq0v5Q=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCvZRdEfSiFL14rGA/oLuUbJptQ5PskmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NRJpghtkIQnqh1hTTmTtGGY4bSdKopFxGkrGt5O/dYjVZol8sGMUhoK3JcsZgQbK3XdUkAGrBKkAt2coivkdd2yV/VmQMvEz0kZctS77lfQS0gmqDSEY607vpeacIyVYYTTSTHINE0xGeI+7VgqsaA6HM8On6ATq/RQnChb0qCZ+ntijIXWIxHZToHNQC96U/E/r5OZ+DIcM5lmhkoyXxRnHJkETVNAPaYoMXxkCSaK2VsRGWCFibFZFW0I/uLLy6R5VvW9qn9/Xq5d53EU4AiOoQI+XEAN7qAODSCQwTO8wpvz5Lw4787HvHXFyWcO4Q+czx8dFJFm</latexit><latexit sha1_base64="aZ+mj+19NM8SZghmn1WxXXq0v5Q=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCvZRdEfSiFL14rGA/oLuUbJptQ5PskmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NRJpghtkIQnqh1hTTmTtGGY4bSdKopFxGkrGt5O/dYjVZol8sGMUhoK3JcsZgQbK3XdUkAGrBKkAt2coivkdd2yV/VmQMvEz0kZctS77lfQS0gmqDSEY607vpeacIyVYYTTSTHINE0xGeI+7VgqsaA6HM8On6ATq/RQnChb0qCZ+ntijIXWIxHZToHNQC96U/E/r5OZ+DIcM5lmhkoyXxRnHJkETVNAPaYoMXxkCSaK2VsRGWCFibFZFW0I/uLLy6R5VvW9qn9/Xq5d53EU4AiOoQI+XEAN7qAODSCQwTO8wpvz5Lw4787HvHXFyWcO4Q+czx8dFJFm</latexit>
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❖  Critical regime:    

•   We recovered Zamolodchikov’s result: 

B ! 1
<latexit sha1_base64="Mr2x5BaubgDt7nadL0BIFChyImQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoCspunFZwT6gCWUynbRDJ5Mwc6PEUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O822VlpZXVtfK65WNza3tHXt3r6XjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1P/PY9U5rH8g6yhPkRGUgeckrASD374Ap7ig+GQJSKH7DHZQhZz646NWcKvEjcglRRgUbP/vL6MU0jJoEKonXXdRLwc6KAU8HGFS/VLCF0RAasa6gkEdN+Pr1+jI+N0sdhrExJwFP190ROIq2zKDCdEYGhnvcm4n9eN4Xwws+5TFJgks4WhanAEONJFLjPFaMgMkMIVdzciumQKELBBFYxIbjzLy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ATcOVHA==</latexit><latexit sha1_base64="Mr2x5BaubgDt7nadL0BIFChyImQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoCspunFZwT6gCWUynbRDJ5Mwc6PEUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O822VlpZXVtfK65WNza3tHXt3r6XjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1P/PY9U5rH8g6yhPkRGUgeckrASD374Ap7ig+GQJSKH7DHZQhZz646NWcKvEjcglRRgUbP/vL6MU0jJoEKonXXdRLwc6KAU8HGFS/VLCF0RAasa6gkEdN+Pr1+jI+N0sdhrExJwFP190ROIq2zKDCdEYGhnvcm4n9eN4Xwws+5TFJgks4WhanAEONJFLjPFaMgMkMIVdzciumQKELBBFYxIbjzLy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ATcOVHA==</latexit><latexit sha1_base64="Mr2x5BaubgDt7nadL0BIFChyImQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoCspunFZwT6gCWUynbRDJ5Mwc6PEUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O822VlpZXVtfK65WNza3tHXt3r6XjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1P/PY9U5rH8g6yhPkRGUgeckrASD374Ap7ig+GQJSKH7DHZQhZz646NWcKvEjcglRRgUbP/vL6MU0jJoEKonXXdRLwc6KAU8HGFS/VLCF0RAasa6gkEdN+Pr1+jI+N0sdhrExJwFP190ROIq2zKDCdEYGhnvcm4n9eN4Xwws+5TFJgks4WhanAEONJFLjPFaMgMkMIVdzciumQKELBBFYxIbjzLy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ATcOVHA==</latexit><latexit sha1_base64="Mr2x5BaubgDt7nadL0BIFChyImQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoCspunFZwT6gCWUynbRDJ5Mwc6PEUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O822VlpZXVtfK65WNza3tHXt3r6XjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1P/PY9U5rH8g6yhPkRGUgeckrASD374Ap7ig+GQJSKH7DHZQhZz646NWcKvEjcglRRgUbP/vL6MU0jJoEKonXXdRLwc6KAU8HGFS/VLCF0RAasa6gkEdN+Pr1+jI+N0sdhrExJwFP190ROIq2zKDCdEYGhnvcm4n9eN4Xwws+5TFJgks4WhanAEONJFLjPFaMgMkMIVdzciumQKELBBFYxIbjzLy+S1mnNdWru7Vm1flnEUUaH6AidIBedozq6QQ3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ATcOVHA==</latexit>

logZL,T = �LT log g2cr, gcr =
�(3/4)p
⇡�(5/4)

' 0.76
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❖  New probe: 4pt function [Basso, Dixon 17’] 

•   2pt vs 4pt: open vs periodic boundary conditions 

F
is
h
n
e
t
F
e
y
n
m
a
n

G
r
a
p
h
s

Feynm
an
graphs
m
ade
from
scalarfour-pointvertices
in
4d
(x

2 =
x

µ
x
µ):

I
Vertex

:
s

d
4 x

I
Propagator
j

k
:

1 x
2 j

k

©

1

(x
j≠
x
k)2

e.g.

M
ostly
unsolved,only
cross
known
[U

ssyukina
’93

D
avydychev]:

=
s

d
4
x
0

x
2 10
x

2 20
x

2 30
x

2 40

R
e
m
a
r
k
a
b
le
p
r
o
p
e
r
t
ie
s:

I
Conform
alsym
m
etry
(unbroken:
no
divergiencies)

I
Representintegrable
statisticalvertex
m
odel[Zam

olodchikov

1980

]

I
H
ere:
N
ew
insights
m
otivated
by
AdS/CFT
integrability
...

Florian
Loebbert:
Yangian
Sym
m
etry
for
Fishnet
Feynm
an
G
raphs

1
/
13

F
is

h
n

e
t

F
e
y
n

m
a
n

G
r
a
p

h
s

Fe
yn

m
an

gr
ap

hs
m

ad
e

fro
m

sc
al

ar
fo

ur
-p

oi
nt

ve
rti

ce
s

in
4d

(x
2

=
x

µ
x

µ
):

I
Ve

rte
x

:
s

d4 x

I
Pr

op
ag

at
or

j
k

:
1

x
2 j

k
©

1
(x

j
≠

x
k

)2

e.
g.

M
os

tly
un

so
lve

d,
on

ly
cr

os
s

kn
ow

n
[U

ss
yu

ki
na

’9
3

D
av

yd
yc

he
v
]:

=
s

d4
x

0
x

2 10
x

2 20
x

2 30
x

2 40

R
e
m

a
r
k
a
b

le
p
r
o
p

e
r
t
ie

s
:

I
Co

nf
or

m
al

sy
m

m
et

ry
(u

nb
ro

ke
n:

no
di

ve
rg

ien
cie

s)
I

Re
pr

es
en

ti
nt

eg
ra

bl
e

st
at

ist
ica

lv
er

te
x

m
od

el
[Za

m
ol

od
ch

ik
ov

19
80

]
I

H
er

e:
N

ew
in

sig
ht

s
m

ot
iva

te
d

by
Ad

S/
CF

T
in

te
gr

ab
ili

ty
..

.
Fl

or
ia

n
Lo

eb
be

rt
:

Ya
ng

ia
n

Sy
m

m
et

ry
fo

r
Fi

sh
ne

t
Fe

yn
m

an
G

ra
ph

s
1

/
13

F
is

h
n

e
t

F
e
y
n

m
a
n

G
r
a
p

h
s

Fe
yn

m
an

gr
ap

hs
m

ad
e

fro
m

sc
al

ar
fo

ur
-p

oi
nt

ve
rti

ce
s

in
4d

(x
2

=
x

µ
x

µ
):

I
Ve

rte
x

:
s

d4 x

I
Pr

op
ag

at
or

j
k

:
1

x
2 j

k
©

1
(x

j
≠

x
k

)2

e.
g.

M
os

tly
un

so
lve

d,
on

ly
cr

os
s

kn
ow

n
[U

ss
yu

ki
na

’9
3

D
av

yd
yc

he
v
]:

=
s

d4
x

0
x

2 10
x

2 20
x

2 30
x

2 40

R
e
m

a
r
k
a
b

le
p
r
o
p

e
r
t
ie

s
:

I
Co

nf
or

m
al

sy
m

m
et

ry
(u

nb
ro

ke
n:

no
di

ve
rg

ien
cie

s)
I

Re
pr

es
en

ti
nt

eg
ra

bl
e

st
at

ist
ica

lv
er

te
x

m
od

el
[Za

m
ol

od
ch

ik
ov

19
80

]
I

H
er

e:
N

ew
in

sig
ht

s
m

ot
iva

te
d

by
Ad

S/
CF

T
in

te
gr

ab
ili

ty
..

.
Fl

or
ia

n
Lo

eb
be

rt
:

Ya
ng

ia
n

Sy
m

m
et

ry
fo

r
Fi

sh
ne

t
Fe

yn
m

an
G

ra
ph

s
1

/
13

F
is

h
n

e
t

F
e
y
n

m
a
n

G
r
a
p

h
s

Fe
yn

m
an

gr
ap

hs
m

ad
e

fro
m

sc
al

ar
fo

ur
-p

oi
nt

ve
rti

ce
s

in
4d

(x
2

=
x

µ
x

µ
):

I
Ve

rte
x

:
s

d4 x

I
Pr

op
ag

at
or

j
k

:
1

x
2 j

k
©

1
(x

j
≠

x
k

)2

e.
g.

M
os

tly
un

so
lve

d,
on

ly
cr

os
s

kn
ow

n
[U

ss
yu

ki
na

’9
3

D
av

yd
yc

he
v
]:

=
s

d4
x

0
x

2 10
x

2 20
x

2 30
x

2 40

R
e
m

a
r
k
a
b

le
p
r
o
p

e
r
t
ie

s
:

I
Co

nf
or

m
al

sy
m

m
et

ry
(u

nb
ro

ke
n:

no
di

ve
rg

ien
cie

s)
I

Re
pr

es
en

ti
nt

eg
ra

bl
e

st
at

ist
ica

lv
er

te
x

m
od

el
[Za

m
ol

od
ch

ik
ov

19
80

]
I

H
er

e:
N

ew
in

sig
ht

s
m

ot
iva

te
d

by
Ad

S/
CF

T
in

te
gr

ab
ili

ty
..

.
Fl

or
ia

n
Lo

eb
be

rt
:

Ya
ng

ia
n

Sy
m

m
et

ry
fo

r
Fi

sh
ne

t
Fe

yn
m

an
G

ra
ph

s
1

/
13

F
is

h
n

e
t

F
e
y
n

m
a
n

G
r
a
p

h
s

Fe
yn

m
an

gr
ap

hs
m

ad
e

fro
m

sc
al

ar
fo

ur
-p

oi
nt

ve
rti

ce
s

in
4d

(x
2

=
x

µ
x

µ
):

I
Ve

rte
x

:
s

d4 x

I
Pr

op
ag

at
or

j
k

:
1

x
2 j

k
©

1
(x

j
≠

x
k

)2

e.
g.

M
os

tly
un

so
lve

d,
on

ly
cr

os
s

kn
ow

n
[U

ss
yu

ki
na

’9
3

D
av

yd
yc

he
v
]:

=
s

d4
x

0
x

2 10
x

2 20
x

2 30
x

2 40

R
e
m

a
r
k
a
b

le
p
r
o
p

e
r
t
ie

s
:

I
Co

nf
or

m
al

sy
m

m
et

ry
(u

nb
ro

ke
n:

no
di

ve
rg

ien
cie

s)
I

Re
pr

es
en

ti
nt

eg
ra

bl
e

st
at

ist
ica

lv
er

te
x

m
od

el
[Za

m
ol

od
ch

ik
ov

19
80

]
I

H
er

e:
N

ew
in

sig
ht

s
m

ot
iva

te
d

by
Ad

S/
CF

T
in

te
gr

ab
ili

ty
..

.
Fl

or
ia

n
Lo

eb
be

rt
:

Ya
ng

ia
n

Sy
m

m
et

ry
fo

r
Fi

sh
ne

t
Fe

yn
m

an
G

ra
ph

s
1

/
13

F
is

h
n

e
t

F
e
y
n

m
a
n

G
r
a
p

h
s

Fe
yn

m
an

gr
ap

hs
m

ad
e

fro
m

sc
al

ar
fo

ur
-p

oi
nt

ve
rti

ce
s

in
4d

(x
2

=
x

µ
x

µ
):

I
Ve

rte
x

:
s

d4 x

I
Pr

op
ag

at
or

j
k

:
1

x
2 j

k
©

1
(x

j
≠

x
k

)2

e.
g.

M
os

tly
un

so
lve

d,
on

ly
cr

os
s

kn
ow

n
[U

ss
yu

ki
na

’9
3

D
av

yd
yc

he
v
]:

=
s

d4
x

0
x

2 10
x

2 20
x

2 30
x

2 40

R
e
m

a
r
k
a
b

le
p
r
o
p

e
r
t
ie

s
:

I
Co

nf
or

m
al

sy
m

m
et

ry
(u

nb
ro

ke
n:

no
di

ve
rg

ien
cie

s)
I

Re
pr

es
en

ti
nt

eg
ra

bl
e

st
at

ist
ica

lv
er

te
x

m
od

el
[Za

m
ol

od
ch

ik
ov

19
80

]
I

H
er

e:
N

ew
in

sig
ht

s
m

ot
iva

te
d

by
Ad

S/
CF

T
in

te
gr

ab
ili

ty
..

.
Fl

or
ia

n
Lo

eb
be

rt
:

Ya
ng

ia
n

Sy
m

m
et

ry
fo

r
Fi

sh
ne

t
Fe

yn
m

an
G

ra
ph

s
1

/
13

Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
s

d4x

I Propagator j k : 1
x2

jk
© 1

(xj≠xk)2

e.g.

Mostly unsolved, only cross known [
Ussyukina ’93
Davydychev ]: =

s d4x0
x2

10x2
20x2

30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .
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❖  Three equivalent representations 

• BMN integral: from Hexagonlization  

• Flux-tube integral: from null Wilson loop, pentagon 

• Determinant: from analyticity of dual amplitude; bootstrap

Determinant 
= Dual Integral 

BMN Integral FT Integral

Feynman Integral



❖  Basso-Dixon result:  

•   4pt in terms of determinant of ladder: (  special case) 

• Determinant of ladder  dual integral: integral transformation 

• Strategy: integral rep of integral rep of ladders  

m = 1

↔

Li →

Det & Dual Integral
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[Usyukina,Davydychev ’93]

[Basso, Dixon, Kosower, Krajenbrink, DLZ ’21]
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[Derkachov,Kazakov,Olivucci’18]
[Basso,Ferrando,Kazakov,DLZ’19]

[Derkachov,Olivucci’19’20’21]
❖  SOV approach 

•   Graph building operator  

• Eigenfunction:  “pyramid” type with 3-sphere harmonics  
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Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
s

d4x

I Propagator j k : 1
x2

jk
© 1

(xj≠xk)2

e.g.

Mostly unsolved, only cross known [
Ussyukina ’93
Davydychev ]: =

s d4x0
x2

10x2
20x2

30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .
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BMN to Dual
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❖  Pfaffian = Det? 

•   Difficulties: BMN: sum+int vs Dual: int + int 

• Attempt I: change of variables 

•  BMN = Pfaffian of  matrix B, hard to see ladder/det2m × 2m



BMN to Dual II
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❖  Power of Mellin-Barnes 

•   Idea: convert sum to integral  

• MB representation 

• Natural appearance of  variable,  now becomes independent 

• Straightforward reduction of  matrix to  

• Remark: Can apply to anisotropic fishnet, need to replace , 
works until the very last step

x ξ
2m × 2m m × m

u2 + a2



Flux-tube to Dual
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❖  Flux tube integral 

•   Very similar to  SOV 

•Sad  

• Even harder: rational + hyperbolic Vandermonde mixing 

• Idea:  1) use proper matrix representation (Cauchy + Vandermonde) 

•           2) disentangle interaction by Schwinger parametrization  

• And work harder!

SL(2,ℝ)



Large Dual Integral
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❖  Saddle point of large dual integral 

• Interacting potential: log repulsive + linear confining 

• Saddle point equation for root density 

• Equation known: O(-2) model/SL(2) spin chain/classical spinning string 

• Density: elliptic function of 3rd kind 

• Free energy: integrate density; hard to perform

[Kostov’97]
[Beisert,Minahan,Staudacher,Zarembo’03]



Large BMN Integral
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❖  Saddle point of BMN integral 

• Interacting potential: a=1 dominance 

• Saddle point equation for root density 

• Using resolvent method to solve; similar to  

• Resolvent: 

• Why ? saddle point eqn simplifiesr

[Kazakov, Kostov, Nekrasov’03]
[Hoppe ’89]



Large BMN Integral
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❖  Properties of resolvent 

• Two cuts & pole at origin and infinity 

• Key idea: use conformal map to map the region to UHP 

• Solve Riemann-Hilbert problem in the w plane



Large Basso-Dixon
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❖  Two ways to solve the same problem 

• 1) BMN 2) Dual integral (Det) 

• Still, one has to integrate the density to get free energy  

• Magically: take linear combination of two equations we can solve free energy  

• Matches with large det numerics

[Basso, Dixon, Kosower, Krajenbrink, DLZ ’21]

For further generalizations, see [Kostov ’23]



Large Basso-Dixon II
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❖  Puzzle: F(k) is always greater than Zamolodchikov result! 

• F(k) is monotonic with k, shape-dependent 

• F(1) 

• Zamolodchikov’s result is always smaller than F
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Fishnet Feynman Graphs

Feynman graphs made from scalar four-point vertices in 4d (x2 = xµxµ):

I Vertex :
s

d4x

I Propagator j k : 1
x2

jk
© 1

(xj≠xk)2

e.g.

Mostly unsolved, only cross known [
Ussyukina ’93
Davydychev ]: =

s d4x0
x2

10x2
20x2

30x2
40

Remarkable properties:
I Conformal symmetry (unbroken: no divergiencies)
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Here: New insights motivated by AdS/CFT integrability . . .

Florian Loebbert: Yangian Symmetry for Fishnet Feynman Graphs 1 / 13
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Some Other Examples
❖  Other models exhibit similar phenomena  

•  Boundary conditions affects the bulk free energy 

•  6-vertex model, PBC vs domain wall BC 

• DWBC: determinant 

• Arctic curve of domino tilings (special case of 6v)

[Korepin,Zinn-Justin’00]

Picture from 2301.00600

Frozen phase coexist with 
melting phase

[Zinn-Justin’19]
[Colomo,Pronko’10]



Summary
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❖  Analytical result for large fishnet 

• From 2pt function: agrees with Zamolodchikov   

• From 4pt function: 1) greater than Zamolodchikov 2) shape-dependence 

• Boundary condition is very important in this case 

• Why? Unclear, need to know more examples 

• Direct integrability proof à la Zamolodchkov, boundary integrable state? 

• Implications on the holographic side?



❖ Generalization: fishnets: 3d/6d, “brickwalls”, “looms” 

❖ Large fishnet from fishchain [Gromov, Sever 19’ 20’] 

❖ Boundary integrability: K-matrix/inversion 

❖ Conformal field theory approach to fishnet 

❖ Other ways to compute large fishnet? Yangian?

29

Outlook

See e.g. Mishnyakov and Loebbert’s talk

[Kazakov,Olivucci,Preti ’19] 
[Pittelli,Preti ’19] 

[Kazakov,Olivucci ’22] 
[Alfimov,Ferrando,Kazakov,Olivucci ’23] 

[Kade,Staudacher ’23 ’24]



Thank you!
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